MICROLOCAL KERNEL OF PSEUDODIFFERENTIAL OPERATORS AT 

AN HYPERBOLIC FIXED POINT 

JEAN-FRANgOIS BONY, SETSURO FUJIIE, THIERRY RAMOND, AND MAHER ZERZERI 

Abstract. We study the microlocal kernel of ft-pseudodifferential operators Op;j(p) ~ z, 
where z belongs to some neighborhood of size 0(}i) of a critical value of its principal symbol 
po(a;,0- We suppose that this critical value corresponds to a hyperbolic fixed point of the 
Hamiltonian fiow //p„. First we describe propagation of singularities at such a hyperbolic 
fixed point, both in the analytic and in the C°° category. In both cases, we show that 
the null solution is the only element of this microlocal kernel which vanishes on the stable 
incoming manifold, but for energies z in some discrete set. For energies z out of this set, we 
build the element of the microlocal kernel with prescribed data on the incoming manifold. 
We describe completely the operator which associate the value of this null solution on the 
outgoing manifold to the initial data on the incoming one. In particular it appears to be a 
semiclassical Fourier integral operator associated to some natural canonical relation. 



1. Introduction 

This paper is devoted to the study of the microlocal solutions near (0, 0) to the equation 
{P — z)u = 0, where P = Opf^{p{x, ^, h)) is a self-adjoint /i-pseudodifferential operator whose 
principal symbol can be reduced to 

A- 

(1-1) po{x, o = Yl f(^' - + ^((^' 0'), 

for some real and positive A^'s. The energies z are supposed to lie at distance 0{h) of the 
critical value po(0, 0) = 0. 

Of course such a situation occurs for a Schrodinger operator —h'^A + V when the potential 
V has a non-degenerate local maximum, and the results of this paper might have many 
applications to quantum theory, allowing precise study of spectral or scattering quantities 
attached to these Schrodinger operators. 

In this setting, the Hamiltonian vector field associated to P has an hyperbolic fixed point 
at (0, 0), and the stable/unstable manifold theorem ensures the existence of a stable incoming 
manifold A_, and of a stable outgoing manifold A_|_ in T*M.'^. The manifold A_ (resp. A^) 
can be described as the union of bicharacteristics 1 1-^ 7(t) such that 7(t) — > (0, 0) as t ^ +oo 
(resp. as t — > — oo). It is therefore a very natural question to ask, if the knowledge of a 
microlocal solution of the equation Pu = in A„ determines the solution on A+, thus in a 
whole neighborhood of the fixed point. 
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In the analytic, one-dimensional case, this problem has been given a complete answer by B. 
Helffer and J. Sjostrand in their study of Harper's operator Their reduction to a normal 
form result (on the operator side), has then been used in several works, as for the study of 
gaps width for Hill's equation by C. Marz ^H] and the third author |2J, or the computation 
of the scattering matrix at barrier tops [221 llUj . There is also a series of work by Y. Colin de 
Verdiere and B. Parisse |51 E] about the so-called double-well problem where the same ideas 
are developed in a setting. 

Here we address that question in the d-dimensional case, d > 1. We want to stress out 
the fact that the results by N. Hanges, V. Ivrii or R. Melrose, concerning propagation of 
singularities for operators with multiple characteristics (see e.g. [121)) do not apply here, 
since we are not in the case where the symbol factorizes as p = piP2, with pi,p2 of principal 
type. Also, we don't think that a Birkhoff normal form reduction on the classical level can be 
used to obtain the results we give in this paper. In any case, such a reduction would require 
a non-resonant assumption on the Aj's, that we don't need here. 

First, we prove some kind of propagation of singularity result, both in the analytic and 
in the C°° category. In these two categories, we show in Theorem 12.11 and Theorem 12.21 
below that, roughly speaking, the null solution is the only microlocal solution of the equation 
(P — z)u = defined in a neighborhood of (0,0), which vanishes on the stable incoming 
manifold A_. This holds for energies z in any neighborhood of the critical energy of size 
0{h), that do not belong to some discrete subset T{h). If z G r(/i), then purely outgoing 
solutions exist - that is solutions which vanish out of A4.. 

In the analytic case, our discussion is strongly related to the study of the resonances 
generated by a critical point of the principal symbol of a Schrodinger operator, and we use 
the same strategy as J. Sjostrand in 2Q (see also 1^ and |2Sj): Our proof relies on energy 
estimates rather than on a reduction to a normal form. 

In the case, our proof rely also on energy estimates, but these are obtained using quite 
different ideas from recent works by N. Burq and M. Zworski, S.H. Tang and M. Zworski (see 
|5] and [SH), together with /i-pseudodifferential calculus in some suitable class of symbols. 

Then we turn to existence results in the case: For energies z away from the discrete set 
r(/i), we show the existence and give a representation formula for the solution of {P — z)u = 
with given Cauchy data on A_. Our proof relies heavily on ideas from B. Helffer and J. 
Sjostrand in devoted to the study of the tunnel effect between non-resonant potential 
wells. Thanks to this representation formula, we build a microlocal transition operator, 
which associates the microlocal value of this solution on A_|_ to the data on A„. We describe 
completely this operator (see Theorem 12.61 and Theorem 12. 8() . which turns out to be a h- 
Fourier Integral Operator associated to the canonical relation A+ x A_. 

The rest of the paper is organized as follows: In Section |21 we describe precisely our 
geometrical settings, give our assumptions, and state our results. Section IHl and Section 
are devoted to the proof of Theorem 12.11 and of Theorem 12.21 concerning the propagation of 
singularities at the hyperbolic fixed point, respectively in the analytic category, and in the C°° 
category. Then, in Sectional we address the question of existence of microlocal solutions of 
the natural Cauchy problem associated to our geometric setting, and we prove Theorem 12.51 
In Section 6 we obtain a precise formula for that solution which is given in Theorem 12.61 and 
12.81 Eventually, we have recalled in a short Appendix the results from /i-pseudodifferential 
calculus that we use in Section 4. 
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2. Assumptions and main results 



2.1. Microlocal terminology. 

Since our results are of microlocal nature, and since we shall constantly use this vocabulary 
through the paper, we briefly recall from |23] (see also and 0) the precise meaning of 
expressions like "n = microlocally in fi". For u G 5'(]R'^), we denote Tu the Sjostrand-FBl- 
Bargmann transform of u given by 



(2.1) Tuiz, h) = Cdih) / e-(^-J')'/2^(y)dy, 



where Crf(/i) = 2-'^/2(^/j)-3d/4 

is a normalization constant. The function Tu is an holomorphic 
function of z G C^, and T is isometric from L^(M'^) to the Sjostrand space /7$(C'^), defined 

by 



(2.2) H^{&) = L\er^'^^'^/^dz) n ni&), ^(z) 



(Imz)^ 



2 ' 

where HiC^) is the space of holomorphic functions on C^, and if<j>(C'^) is endowed with the 
norm 

(2.3) ll/k, = (/ \fiz,h)\'e-'''(^y'^dzy\ 

To the transform T, one also associates a canonical map Kq- : T*{M.'^) defined by 

(2.4) Kr{x,0 = ix-itO- 

We shall say that a family {uh)h S 5'(M'^) is a tempered semiclassical distribution if there 
exists A'^o > such that h~^'^Uh is bounded in 5'(M'^). Such a tempered semiclassical distri- 
bution u S 5'(M'^) is said to be analytically microlocally in Q, an open subset of r*(M'^), 
when there exists a constant e > such that, 

(2.5) WTuWh^^w) = 0(e~^/^) as h ^ 0, 

where = UiKri^) = {x — i^, {x,£) G f^}. The closed subset of T*W^ where u = {uh)h is 
not analytically microlocally equal to is called the microsupport of n, and we denote it by 
MS(n). 

In the category, one says that u G 5'(M°') is microlocally in 17 when = 
0{h°°). As a matter of fact, in this C°° setting, we shall use -L^ norms instead of the above 
norm, and it will be more convenient to use another version the FBI transform: We set, 
for z = X — i^, 



(2.6) = Cd{h) [ e''^''-y^^'^-^''-y^^/^^u{y)dy. 



Then T'u is a function on M^'', and u G 5'(M'^) is microlocally in Q if and only if 
1 1 '^'''^11x2(0) = 0{h°"). The closed set of points where u is not microlocally is called the 
frequency set of u, and we shall denote it by FS(u). 
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2.2. The geometrical setting. 

We consider, microlocally near (0, 0) € r*R'^, a /i-pseudodifFerential operator 

(2.7) P = OpJp(x,e»), 

with symbol p{x,S,,h) G '5)^(1) (see the Appendix ^ for notations and a short review of 
/i-pseudodifFerential calculus). We assume that p is real valued and 

oo 

(2.8) p{x,^,h)r^J2Pj(^'0h', 

j=0 

where the principal symbol satisfies, up to a symplectic change of variables, 

1 

(2.9) po{x, o=e-^Yl + ^((^' ^)')' 

i=i 

in a neighborhood of (0, 0) in T*W^ . Here we have ordered the Aj such that 

(2.10) < Ai < A2 < ••• < Ad. 

Since we work microlocally near (0,0), we will assume that p has compact support. 
As usual, we denote by 

^ ^ ^ " ~ di dx dx 

the Hamiltonian field pq{x,£,). In the {x,^) coordinates, the linearized vector field Fp of 
Hp at (0, 0) is 

(2-12) Fp = d^o,o)Hp = ^ 1^2 ^ ) 

where L is the d x d matrix defined as L = diag(Ai, . . . , Xd)- Then, the spectrum of Fp 
is (T{Fp) = {— Ad, . . . , — Ai, Ai, . . . , Ad}. Associated to the hyperbolic fixed point, we have 
therefore a natural decomposition of T'(o,o) (r*M'^) = M?'^ in a direct sum of two linear subspaces 
A^|_ and A^L, of dimension d, associated respectively to the positive and negative eigenvalues 
of Fp. These spaces A^. are given by 

(2.13) A" = {{x, G = ±^^„ j = l,...,d}. 

The stable/unstable manifold theorem gives us the existence of two smooth Lagrangian 
manifolds A_|_ and A_, defined in a vicinity of (0, 0), which are invariant under the Hp flow, 
and whose tangent space at (0,0) are precisely A^. and Al. In particular, we see that these 
manifolds can be written as 

(2.14) A± = {(x, G T*M^ e = V<^±(x)}, 
for some smooth functions and which can be chosen so that 

A- 

(2.15) ^i{x) = ±^^x] + 0{x'). 

i=i 

Notice that if P were a Schrodinger operator, that is p{x,^) = + V{x), we would have 
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Figure 1. The geometry at the singular point. 



We shall say that A_|_ is the outgoing Lagrangian manifold, as A_ will be referred to as 
the incoming Lagrangian manifold associated to the hyperbolic fixed point. Indeed A_|_ (resp. 
A_) can be characterized as the set of points (x,^) G such that exptHp{x,(,) — > (0,0) as 
t —CO (resp. as t ^ +oo). 

2.3. Main results. 

Let Q be a small neig hborhood of (0,0) G T*^^. For e > smah enough, we set S = 
A- n {{x, ^); |x| = e} C $1. For [/ C a neighborhood of S, we study the microlocal Cauchy 
problem 



microlocally in S. We assume that is small enough, so that P is of principal type in 
J7 \ {(0, 0)}. In particular, we have the usual propagation of singularity results away from the 
critical point. 

First, we address the uniqueness problem for (|2.16|) . If ito = 0, the solutions have to 
vanish on the incoming manifold A_ , and we ask the question if the corresponding solution is 
identically in a neighborhood of (0,0). The first two theorems below state that this is true 
both in the analytic category and in the category, for complex energies z G D(0, Cq/i) = 
{z G C, l^l < Coh}, where Co > is any positive constant, but for z in some discrete set. The 
existence of this exceptional set should not be too surprising, at least in the analytic case: It 
corresponds to that of resonances generated by the barrier top, i.e. the existence of "purely 
outgoing solutions". In the case also, one could have conjectured such a result. Indeed, 
the principal symbol po can be written in suitable coordinates (y, rj) as 



where S is a smooth map from a neighborhood of (0,0) in r*M'^ to the space A^rf(M) of 
d X d matrices. Therefore in the one-dimensional case, pq factorizes as po = qiq2, with qi 
and q2 of principal type, and using a reduction to a normal form as in the work [T21 by N. 




(2.17) 



Po{x,0 = B{y,rj)y • V, 
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Hanges, concerning propagation of singularities for operators with multiple characteristics, 
this uniqueness result can be shown to hold for z away from the set 

(2.18) {-i/iAi(a + ^) ; a G N}. 

In the present multidimensional setting, we find it convenient to work with the form (|2.17j) 
for our operator, and using /i-pseudodifferential calculus in some suitable class of symbols as 
well as ideas from Sjostrand in [22] and Burq and Zworski in ^3,, we show the following result. 

Theorem 2.1. Let VLhea. small neighborhood of (0, 0) G T*W'-, and 5 = A_ n {(x, \x\ = 
e} C for some s > small enough. Assume (|2.7|) - (|2.1()|) . Let N, Cq > be constants, 
and [/ C a neighborhood of S. There exists a neighborhood V of (0, 0) such that, for all 
z e ^(O, Coh) C C, and u G L^(R'^), defined for h small enough with \\u\\i2 < 1, if 

( (P — z)u = microlocally in il., 
^ I -u = microlocally in U, 

with d{z,T{h)) > , then u = microlocally in V. 

Here, T{h) is a discrete set, defined for any h small enough, such that #T{h) n -D(0, Coh) 
is bounded uniformly with respect to h, and T{h) C {Imz < —5oh} for some 6o > 0. 

In the analytic category, we can be as precise about the exceptional set as in the one- 
dimensional case, changing of course the notion of C°°-microsupport to that of analytic mi- 
crosupport. Indeed, if we denote by ro(/i) the discrete subset of C defined by 

d 

(2.20) ro(/i) = {-i/i^A,(aj + -), a = (ai,...,ad)eN'^}, 

i=i 

we have the following theorem which is, in some sense, a semiclassical version of a part of the 
work of Sjostrand 

Theorem 2.2. Suppose that, in addition to assumptions ()2. 7() - 1)2. 10(1 . the function p{x, ^, h) 
extends holomorphically in a complex neighborhood of (0,0) in C^'^. Let u, Cq > be 
constants, and U C 0, a neighborhood of S. 

There exists a neighborhood V of (0,0) such that, for all z G D(0,Coh) C C, and u G 
L^(M'^), defined for h small enough with \\u\\i2 < 1, if 

f {P — z)u = analytically microlocally in 0, 
^ ^ \ n = analytically microlocally in U, 

with d{z{h),TQ{h)) > uh, then u = analytically microlocally in V. 

Notice that, as in j26j, and using the ideas there, the last assumption in Theorem 12 . 21 about 
the distance to the exceptional set can certainly be replaced by a weaker one as in Theorem 
12.11 provided the set To{h) is replaced by ro(/i) = {Aa(/i); a G N"^}, where the Aq,(/i) have an 
expansion in fractional powers of h and satisfy Xa{h) = —'>'hJ2i<j<d^ji'^j + ^f^) + o{h). 

Remark 2.3. In the C°° category, and when the Xj are N-independent, one can perform WKB 
construction of purely outgoing solutions for energies z £ D{0, Coh) such that d{z, To{h)) > z^/i 
(see e.g. ^^). Therefore, in that particular case at least, we have To{h) C T{h). 
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Remark 2.4. The two previous theorems can be proved under shghtly more general assump- 
tions. Indeed for Theorem \2.1l it is sufficient to suppose that P = Op/j(p), where 

• p{x,(,; h) = po(a^) + hpi{x,(,) + h^^^p2{x,(,; h) for some e > 0. 

• po{x, ^) is a real valued C°° function which can be written, up to a symplectic change 
of variables, 



• Pi> P2 S S^{1) (see Appendix 1^ for the definition of S^{1)). 

In that case, the statement T{h) C {Imz < —6oh} in Theorem \2.1\ should be replaced by 
T{h) C {Imz < /i(lmpi(0,0) -5q)}. 

For the proof of Theorem \2.'A we have to suppose in addition that p extends as a holomor- 
phic function to a (fixed) neighborhood of (0,0) in C^'^. 

Now, using ideas from B. Helffer and J. Sjostrand in |14j . we address the question of the 



existence of solutions for the problem (|2.16j) . As in that paper, to perform our construction we 
have to suppose that the data is not microlocally supported on some manifold of codimension 
1 in A_. Indeed, we know from ^Ij that there exist functions 'y^{t,x,(^), polynomials with 
respect to t, such that, in the precise sense of Definition 15.11 b elow . 

(2.22) exp{^tHp){x,0 -^lf{t,x,Oe-''^', t ^ +cx), 

for all (x,^) G A± respectively. Here {pj)j>o is the increasing sequence of linear combinations 
over N of the Aj's. Moreover, the function 7^*^ is a constant vector with respect to t in 
Ker(d(o,o)-f^P T -^i)- We shall also consider x-space projections of the trajectories, and for 
p G A± respectively, we shall denote 

(2.23) gt{p)=U,^f{p). 

Let m be the number of Aj's equal to Ai. We denote by A± the subset of A± which consists 
in points (x, such that 'yf{x, ^) = 0. Notice that, using the stable manifold master theorem 
(U Theorem 7.2.8], one can see that A± is a C°° submanifold of A± of dimension d — m, which 
is stable under the Hamiltonian flow. As above, we denote by S" C the lift in A_ of the 
sphere {x G M.'^; \x\ = e}, with e > small enough. 

Theorem 2.5. Suppose assumptions ()2.7() - ()2.10|) hold. Let Co, Ci, > be constants, z G 
[-Coh,Coh] + i[-Cih,Cih] with d{z,ro{h)) > vh, and uq G L^(M'^) be such that \\uo\\l2 < 1 
witii uq = microlocally in S H A_ and (P — z)uq = microlocally in S, then the problem 

(P — z)u = microlocally in fi, 
u = Uq microlocally in S, 

has a solution u{x, z, h) such that 



(2.24) 



(2.25) \\u\\l2 <h \ 

where E(r) is the integer part of r G M. 
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Moreover, if uq is analytic with respect to z £ [— Cq/i, Cq/i] + i[—Cih,Cih] \ (TQ{h) + 
D(0, 1'h)), then u is also analytic. 

We denote by J'{z)uq the solution of the problem (|2.24|) . which is unique thanks to Theorem 
12.11 Using a microlocal partition of unity, we can assume that the initial data uq is microlocally 
supported only in a vicinity of a point p- = {x~ ,^~) G 5* \ A_. As for Theorem 12.51 we are 
unable to calculate the solution J{z)uq near every point of A+ and we must avoid some 
particular set of points A+(p_): Let ipi be the solution of the Cauchy problem 

r (V5Po(a;,Vv3+)-V-Ai)¥Ji = 0, 

\Vv9i(0) = -Ai5r(p_). 



(2.26) 



We set A+(p__) = {(x,^) G A+; (^i(x) = 0}. Then, A+(p_) is a submanifold of A+, 
of codimension 1, which is stable under the Hamiltonian flow, and we can compute J{z)uq 
near any point p+ = (x+,^+) G A-|- \ A-(_(p_). As the operator P is of principal type in a 
neighborhood of /9_, and since uq is in the kernel of P — z, uq is completely determined by 
its trace on any hypersurface transversal to the flow. Up to a change of variables, we can 
assume that xi = xi(p_) = e is such an hypersurface (taking the first coordinate function to 
be collinear to g^{p )), and we state the following result in that setting. Eventually, because 
of (|2.9|) . and for x' = o(xi), ^' = o(xi), the equation Pq{x,£,i,£,') = has two solutions 

(2.27) = /^(2;,e') = ±yXi+o(xi). 

In the Schrodinger case where p{x,^) = ^^+y(x), we would have f±{x, = zty^— ^'^ — V{x). 
Then, with these notations, we have the following description for J'{z)uo near A^. 

Theorem 2.6. We suppose that the assumptions of Theorem 12.51 hold, and that uq is mi- 
crolocally supported only in a vicinity of p- G 5 \ A_ . We set 

k=l 

and we denote by (fij)j>o the increasing sequence of the linear combinations over N of the 
{pk — Ml)- Then, there exists a symbol d{x,y',z,h) ~ ^ dj {x, y' , z, In h)h^3/^^ G 5)^(1), 
with dj{x,y' , z,lnh) polynomial with respect to \nh, such that 

(2.28) J{z)uo{x,h) = / d(x,y',z,/i)e^('^+(-)-'^-(^'^'))/^o(e,y')^^2/', 

microlocally near p^ G A-|- \ A+(p_). The symbols d and dj are analytic for z G [— Cq/i, Cq/i] + 
i[—Cih,Cih] \ (ro(/i) + D{0,i'h)). Moreover the principal symbol do of d is independent of 
In/i, and can be written as 

do{x,y',z) =v^e-'^'^/^r(5(z//i)/Ai)(fAi(5r(P(,y))|5i+(p+)>)"''^'^'^/'^ 
\n7(n7 „ ^ 1 1 Het V^, ,,/, (r.v')\^^'^J 

(2.29) 



(/'(ey)) 1 1 ^I'y'f-i^^ y')\^^'^\J^^iPo{e, y', f-{e, y', ??'), v') 



t^+oo I dy{t,w',y') 
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where = {x,V xLp±{x)), and x{t) (resp. y{t,w',y')) denotes the x-space coordinate of the 
hamiltonian curve exp{tHp){p'^) (resp. eicp{tHp)[e, ,V yip-{e,y'))). 

Remark 2.7. Notice that, since every quantity in the previous theorem depends smoothly 
on e, one can also consider the operator J as an operator on L'^[W^). Indeed one has 

(2.30) J{z)uo{x,h)= / d(x,y,z,/i)e^('^+(-')-'^-(J^»/'^«o(y)d2/. 

where d{x, y, z, h) = x[yi)d{x, yi,y' , z, h) for any function x S Co°(]0, eo[), with eo > small 
enough, such that J x{yi)dyi = 1- Here d{x,yi,y' , z, h) is the symbol given by Theorem \2.6l 
with e = yi. 

In order to make even clearer the fact that the microlocal transition operator J does not 
really depend on the choice of e, we shall use the terminology of ,29,: For z G [— Cq/i, Cq/i] + 
i[—Cih,Cih], we denote by K,p^{z) the set of distributions u microlocally defined near p±, 
such that {P — z)u = microlocally near p±. Notice that, since P is of principal type 
away from (0,0), there exist U±, V± two neighborhoods of p± and (0,0) respectively and an 
elliptic microlocal /i- Fourier integral operator (an /i-FIO from now on), lA±{z) with canonical 
transformation k,^:U±^ V± such that n±{p±) = (0,0) and 

(2.31) U±{P - z) = hD,^^L{± microlocally in U±. 

Moreover, we have k'^Ci '■= ° ^±(2;,^) = p(x,^). (see e.g. 29, Proposition 3.5] in this 
semiclassical setting). Then lCp^{z) can be identified with D'iW^"^) using IA±. 

Let V- S 'D'{W^~^) be microlocally supported in a compact subset of If n_ is the 
corresponding element in /Cp_ [z) and u the solution of H2.24() with initial data U- , we denote 
by T{z)v- the element of V (W^^^) corresponding to u near In other words, we have set 

(2.32) l{z) = i*U+J{z)UZ^^\ 
where i : x' ^ (0,a;') and vr : {xi,x') x' . 

Theorem 2.8. Assume z G [-Cq/i, Cq/i] + i[-Cih,Cih] and d{z,To{h)) > vh. Then the 
operator Z{z) is a h-Fourier integral operator of order fi^^S{z/h)-^ L'^{W^~^), microlocally 
defined near (0, 0), analytic with respect to z, associated to the canonical relation 

(2.33) Ci = no K+(A+) X no K_(A_), 
whereU:{xi,x',Ci,e)^{x',e)- 

Remark 2.9. The canonical relation does not depend on the choice of k± in the following 
sense. Suppose that U± are others FIO's, with canonical relation k±, as in the discussion 
before Theorem 12.81 The operators IA± = lA±hl^^ are FIO's with canonical relation 'k,± = 
K± o . Then, we see that 'k± must be of the form 

(2.34) 2±{x,i) = (/f(x,0,5^.(^',0 +6/2^(a:,0, 6, +6/3^(^,6), 

where (x,^) = (x^, x', ^'). Then, Lemma 3.4 of j29j implies that i* U± ir* is an FIO on 
^2|-]^d-i-j -j^j^jj canonical transformation 

(2.35) 5± : ix',^') ^ (g^, (x , ^ , gf, (x' , a) . 
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Therefore, if we denote byl{z) the same operator as T{z) but defined through U± instead of 
U± , we have 

(2.36) C^{z) = {g+ X g-){Cj(z)). 

3. Uniqueness in the analytic case 

We prove Theorem 12.21 Since this uniqueness statement is essentiahy equivalent to the 
fact that there is no purely outgoing solution, it should not be surprising that our discussion 
is strongly related to the study of the resonances generated by a maximum of V{x), and we 
use the same strategy as J. Sjostrand in ,26j (see also ^Hl)) as well of some lemmas from that 
paper or from 

In this section, as for example in Figure 2, we use the same notations for subsets of T*M'^ 
and their image in by (x, ^) i— > x — i^. We recall that, using also this convention, we shall 
say that u is microlocally in f2 if MS(u) H = 0, 

We work under the assumptions H2.7|1 - H2.1U() : We set P = Op^(p), where p is a holomorphic 
function, depending on h g]0, 1] say, in a (fixed) complex neighborhood of (0,0) in C^'^. We 
also assume that, up to a linear change of variables, po can be written as 

(3.1) Poix, = ^(e| - x]) + 0((x, 0') 

i=i 

for some real and positive Aj's. We start with this expression for pQ. 

As in the discussion of Section 12.21 we work in some neighborhood Q of the fixed point 
(0,0), and we choose ili (s JIq = ^ a-s in Figure [3 We write 

(3.2) nQ\ni = a+uAqua., 

where A± is close to A±. We assume that Aq is geometrically controlled by A_, that is any 
point (x,^) E ^0 can be written as exptffp(x_,^_) for some (x_,^_) G A_ and some t > 0. 
It is clear that one can find such a configuration when Hp = Fp, and Hartmann's Theorem 
(see e.g. PHI) ensures that we can do so in the general case as well. 

We consider the operator on H^{Q) defined by 

(3.3) P = TPT*, 

where T is the FBI transform given in 1)2. and H^(Q) is defined in (|2.2|1 . Then P is 
a pseudo differential operator in the complex domain (see J. Sjostrand P^). Its principal 
symbol is 

(3.4) po{x,0 = Po ° (^,6 = E f (2^1 - - + ^((^'^)')- 

First, n = microlocally in A_ \ {(0,0)}, so that we can assume that u = microlocally 
in A- provided ^Iq is small enough. Since A is geometrically controlled by A-, we get from 
standard results on propagation of singularities, that, for some 6 > 0, 

(3.5) ll'rn||^,(^_uAo) = 0(e-'/"). 



MICROLOCAL KERNEL NEAR AN HYPERBOLIC FIXED POINT 

Imx 



11 




Rex 



Figure 2. The domains. 



Now, we choose U an elhptic FIO with complex phase given by 

, (1-i) ^ 
(pu[x,y) - ' 



xy 



-y 



(3.6) 2 , ^ 

This operator is associated to the complex canonical transform 

'2(, + {l-i)x 2^-{l + i)x 



(3.7) 



2 ' 2 , 

Notice that the operator U cannot be realized on since the function y ^ — Im((/7(/(x, y)) + 
^{y) has no saddle point. However, if we set 

(3.8) G(x) = -Reximx, 

then, for t > fixed, U is well-defined as an operator from H^^tG{^2) to ifij-j (^(7(^3)), 
where is some plurisubharmonic function. Here f^a C are suitable neighborhoods of 
(0,0) depending on t, since the saddle point of y 1— > —lm{ipu{x,y)) + ^{y) + tG{y) does. 
Prom 121], we can invert U by an FIO V from Hi^^ to H^j^tG up to exponentially small errors, 
taking care of domains. Now we set, after shrinking ^2 and ils, 

(3.9) Q = UPV : H^,{ku{^2)) ^ H^,{^u{^^)), 
which is a pseudodifferential operator with principal symbol 



(3.10) 



d 



Let us recall Proposition 4.4 from [llj : 



Proposition 3.1 (1111, Proposition 4.4). Let x £ ^^(^{/(ria)). There exists a classical 
symbol q{x, h) of order such that 



(3.11) 
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where 

(3.12) r{u,v) = C'(/i°°)||'u||//^^(«^(n2))lbllH*^(K[,(n2))' 
and 

(3.13) qo{x) = x{x)qo[x,'^dx'^t{x)y 

We use Proposition 13. II with x = 1 iiear kuI^I^), for some ^4 ^ l^s. First, for x G ki/(^Is), 
we have 

go(x,-aa;^'t(x)) =po(y,-5y($ + tG)), 
\ I / \ z / \ _i 

'y=K (x) 



z — a — ih—H,^^(x) 



(3.14) = Po (« + 2td,G{a -ib),b- 2itd^G{a - ib)^ 

with dz = {da + idh)/2. In particular, we have 
2 

- Im(7o(x, ^a^^'t(x)) > V Ajt(a2 + 62) + o(t2(„^ 5)2 ^ ^(^^ ^)3) 

(3.15) >7^|x|^ 

for <t and a; small enough. Therefore, since z{h) G D{0,CQh), we obtain 



'1 



> + 0(/i)||n||2^^^(^^(f5^)) 



(3.16) > + 0(/i)h||^^^(,^(n,\f,,)) + 0(/i)||n||^^^^^|^|^^^^^^. 
For n G N, we denote by r„ : H^^{K,i/{i^2)) H^^^{ku{Q.2)) the operator defined as 

(3.17) Tn{v) = ;^9>(0)x", 



a! 

|a|<n 



and we recall the following 



Lemma 3.2 ( JJ, Lemme 4.5). Let < Ci < C2 be fixed constants. There exists a sequence 
(cn)n of real positive numbers such that c„ — > as n ^ +00, and, for any n £ N, for any 
V G Hq,^{Ku{i^2)) n KerT„ it holds that, 

(^•^^) II^IIh*,{{|x|<Civ^}) - '=™II^IIhs,,({|x|<C2v^})- 



Writing p.l6() for u G Ker r„ and n large enough, we obtain 

(3.19) -lm{x{Q - z)u,u)H^^^^^(n3)) ^ ^ll^llL,(«y(f^4)) + '^Wll^llk,(«t/mn4))' 
so that 

(3.20) h\\u\\H^,(Kuin4)) < IKQ - z)u\\H^^(nuin3)) + C>{h)\\u\\H^^(^^j(n2\ni))- 
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Now, we come back to the initial problem and we suppose that the assumptions of Theorem 
12.21 hold. Since (P — z{h))u = analytically microlocally in we have, for < t small 
enough, 

(3.21) (Q - z)UTu = 0{e-'/^), 

in Hii,^(Kij{Q2)) for some £ > 0. Notice that the constant e may change from line to line in 
what follows, and depends on t. Applying 1 — r„, we obtain 

(Q - z){l - Tn)UTu = [r„, Q]UTu + 0{e~'l^) 

(3.22) = 0(/i3/2)||[/Tn|U^^(«^(f,,)) + 0{e~''% 

in Hxi,^{Ku{^'i))- Here, we have used the fact that r„ = 0(1) and [r„,Q] = 0{h^/'^) thanks 
to Proposition 4.3 in and Proposition 3.3 in |26j . Then, we get from (|3.20|) the estimate 

(3 23) "^^ " ^ + 0{h^'^)\\Uru\\H,^^,^,^n,)) 

+ o{i)\\uru\\ 

On the other hand, applying r„ to (|3.21|) . we get also 

(3.24) TniQ - z)TnUTu + T„g(l - Tn)UTu = 0{e-''^). 
Now, if we set 

(3.25) Q = Y, \jX,hD,^ - y E ^i' 

we see, with Proposition 3.3 of |2E], that Q -Q = 0{h^ /'^) a nd t„Q(1 - t„) = C'(/i3/2) 
operators from H^^{Kfj{Q2)) to H\j,^{Ki/{il,4)). Therefore 1)3. 24(1 gives 

(3.26) T„(Q - z)t^UTu = Oie~'/^) + Oih'/')\\UTu\\H,^(^,^in,)), 

in i?^j(K(/(r24)). On Ranr^, in the basis (x")|q|<;„, the operator Tn{Q — z)Tn reduces to the 
diagonal matrix with entries (— /iz X](aj ■ + l/2)Aj — z)|^l<„. So, \id{z,T{h)) > vh, Tn{Q — z)Tn 
is invertible on Ranr„, and its inverse is 0{h~^). Then 1)3. 26() gives 

(3.27) TnUTu = Oie-'l'^) + 0(/ii/2)||[/T^z|U^^(,^(n,)), 

in B.y^^{K\j(yi^). Adding 1)3. 23(1 and ()3.27|) . we obtain, for h small enough, 

(3.28) < 0{e~'l^) + 0(1)||C/Tn|| 
Then, we have, after shrinking $74, 

(3.29) ||Tn|U,^,^(n,) < ©(e^^/^^) + 0(l)||Tn|| 

Using the same kind of estimates as in Proposition 13.11 one can see that 

(3.30) < 0(e-^/^) + 0{h^l'')\\Tu\\^^^^^^^^^y 
Adding (PT^ and (P0n|) . we obtain 

(3.31) \\Tu\\u,^^^^^,) < Oie-^/') + 0{h'/')\\Tu\\H^_^^^^no\n,y 
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On the other hand, from the definition of G (see (|3.8|) ). one can see that there exist C > 
and ei > 0, such that 



(3.32) e" 



-tG/h 



0{e^''^') on 17o, 
0(e-^^*/^) on A+. 



Moreover, for each £2 > there exists w C ili, a small enough neighborhood of such that, 
in we have 

(3.33) e"*^/^ > e-^2t//i. 
Then (TOTT) gives 

<0{e-^/'^) + 0{h''')\\Tu\\n,,,ain,\^,) 

< Oi^e-^l^) + 0(e-^^*/'^)||rn|U,(A^) + 0{e'''h\\ru\\n,^^A.y^A,) 

(3.34) < 0{e-^l^) + Oie-^^^l^) + 0{e^^l^e-^l^), 

since ||Ttt||jy_^(cn) = ||n||j^2(ign) < 1. Choosing first t > small enough and then £2 small 
enough, we get 

(3.35) ||rn||^^(,) = 0(e-^/'^), 
for some (5 > 0, and Theorem 12.21 follows . 



4. Uniqueness in the C°° case 

This section is devoted to the proof of Theorem 12.11 Let us recall briefly the assumptions 
p.7j) - (|2.1fljl : We suppose that P = Oph{p), where p is a real valued C°° function, depending 
on the parameter h €]0, 1] say, in a fixed neighborhood of (0,0) in T*W^. We also assume 
that p has an asymptotic expansion with respect to h: 

(4.1) p(x,e,M~ j;pfc(x,e)/i', 

fc>0 

and that 

(4.2) poix, = Y1 - + ^((^' ^)')' 

where the Aj's are real and positive numbers. Finally, we assume that z G D{0, CqK) for some 
Co >0. 

Recalling the discussion in Section 12.21 and since A+ and A_ are Lagrangian manifolds, 
one can choose local symplectic coordinates (y, rj) such that 



(4.3) 



Po{x,i) = B{y,r])y ■ r], 
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where (y, ??) ^ B{y,rj) is a C°° mapping from a neighborhood of (0,0) in T*W^ to the space 
A^rf(M) d X d matrices with real entries such that, using the notations of Section [21 

/ Ai/2 \ 

(4.4) B{0,0) = 

Now if [/ is a unitary Fourier Integral Operator (FIO) microlocally defined in a neighborhood 
of (0,0), whose canonical transformation is the map {x,(,) i-^ {y,il)y we denote 

(4.5) P = UPU^\ 

Then P is a pseudodifferential operator, with a real (modulo 0{h°°)) symbol p{y,Ti) = 
'^jPj{y,il)h-', and such that 

(4.6) po = B{y,r])y -rj. 

In order to turn our microlocal problem into a global one, we extend our symbol p as a 
smooth function on the whole r*M'^. Notice that this idea cannot be used in the analytic 
category. The way we perform this extension is reminiscent of the so-called Complex Absorp- 
tion Potential Method, used by quantum chemists, and mathematically studied in a paper by 
P. Stefanov :30i. 

In the following, the notation f ~< g means that g = 1 near the support of /. Let XS) 
X8 S Cq°(T*(]R'^)) be such that the support of xs is a small enough neighborhood of and 
1{0} ^ X5 -< X8- We define 

(4.7) p{y, T]) = p{y, 7?)x8(y, v) - iVhil - Xbiv, v)), 

and we also denote P = Op j^{p). Let us mention that, as one can see following the proof, one 
could have taken /i^ with < e < 1 instead of Vh in front of the 1 — Xs term. 

Now we choose X7 G Cq°(T*M'^) with X5 ^ X7 ~< XS) and we set 

(4.8) <7i(y, v) = (y^ - ^')x7(y, v) H^/h). 

Notice that Hp^^gi{y,r]) > for any {y,r]) / (0,0). Following the appendix of 0, we also 
define 

(4.9) 



where M > will be fixed later and X3 G Cq"(T*(M'*)) is such that l{o} ^ Xs ^ Xs- For *i, 
^2 > we set 

(4.10) G±i = Opf^{e^^^3iiy,v)-j and G±2 = Opf,{e^^^32{y,v)-^^ 

and we see that these /i-pseudodifferential operators satisfy G±i G ^'^(/i"*^*^) as well as 

G±2 G ^l^^{h-^'^^), for some C > 0. 

Now, as in N. Dencker, J. Sjostrand and M. Zworski jSj Section 4], or in the very recent 
paper [1], we set 

Q, = G-2G-i{P - z)GiG2 

(4.11) = G-2G-1 (Ophipxs) + iVh{l - xs) + ^) G1G2, 
and we consider each term of the above sum separately. 
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• First of all, we consider the operator G_i Op/^ (i\/7i(l — X5))Gi. By symbolic calculus in 
the class ^'/^(l) (see Proposition IA.1|) . writing F = Op/j ((1 — Xs)); we have FGi = Opf^{ipi) 
with, for any A''i G N, 



k=0 



y=x,v=S, 



(4.12) + /i^i-^*i5^(l). 
Then again, G_i Opf^{ipi) = Opf^{ipo) with 

(4.13) +/i^o-2^*i5^(l). 

But it is easy to see that the k-th. term in the sum H4.13() is 0{h^), and choosing A'^o £ N such 
that iVo - 2Cti > 0, we get that GiFG-i G 'I'°(l). We also see on KWi that the symbol of 
GiFG-^i is supported inside the support of 1 — X5 modulo 0{h°°). 

Now since xs ^ XS) 'ilso have, using the same kind of arguments, but in the class 
"^h^il), that 

G_2G_i Op^ {iVhil - X5(y, r])))GiG2 = G_i Op^ {iVh{l - x^iv, ry)))Gi + 0(/i-). 

Notice that without explicit notification, any error term in equalities between pseudodifferen- 
tial operator has to be understood in the sense of bounded operators on L^. Finally, keeping 
only the first term in the expansion (|4.1.S|) . we get 

(4.14) G_2G_i Op;, {iVh{l - X5(y,r?)))GiG2 = Op;, {iVh{l - xr>{y,v))) + 0{h"^). 
• We consider now the second term in H4.11() . and we set 

(4.15) Q = G_i Op^ (p(y,r/)x8(y,r?))Gi. 
We obtain again by symbolic calculus in the class ^/J(l) that 

(4.16) Q = Op^(g) + 0(/i°°), 

where q{y,ri) £ 5j](l) is supported inside the support of xs and satisfies 

(4.17) q=P0X8 + hpixs + ihti{gi,poX8} + ln\l/h)S^{l). 

iwi 1 /2 

As in PI, since G-1-2 is in some , we need to rescale the variables in order to compute 
the symbol of G^2QG2'- We define a unitary transformation V on Li^iW^) by 

(4.18) y/(y) = A-^/V(A-^y), X = VhM, 
and, if a(y, r], h) is a family of distributions in 5'(T*(M'^)), we have 

(4.19) V~^Opf,{a{y,rj,h))V = Op^ {a{\Y, XH, ^)) . 

Notice that here and in what follows, we always assume that A <C 1. 
Then we set Q = V^^G-2QG2V and we notice that 

(4.20) Q = Op^ {e-t2g2{y,H)\ Qp^ (q{XY, XH) ) Op^ U^92iY,H)\ ^ 0(/,oo^^ 



MICROLOCAL KERNEL NEAR AN HYPERBOLIC FIXED POINT 17 

where 

(4.21) g2{Y, H) = (In {Y) - In {H)) (A(y, H)) . 

We notice that, for any a, f3 ^ N*^, and for some constants Ca^fs and C that are independent 
of A, 

(4.22) d^d^He^'^32{Y,H) < c^^^ / J^y'"' / -^V'^' {iY,H)f'\ 



\ln(y)/ \\n{H) 

Using ()4.6p . and since X{{Y, H)) can be considered as 0(1) for poXs is compactly supported, 
we see also that, for any a, f3 ^ N*^, 

(4.23) \d^d'^{poX8){XY,XH)\ < C^^pX^iY, H)f~\^\-\''\ , 

At this point, it is convenient to introduce a new class of symbols: We shall write that 
f{Y, H, -jj) belongs to Sj_ (m) if it is a smooth function of {Y, H) such that, for any a,f3^ N"^, 
there exists a constant Ca,(3 > such that 

(4.24) |a«5^/(y,//,l:)| < C^^^{Y)-\"\'\H)-\P\l-'m{Y,H). 

Here the function m is any order function in the sense of jU], Chapter 7 (see also Appendix 
El). With these notations, we have e'^^^a g 5_L(((y, if))C«2) and {Y,H) ^ pqXs{>^Y,XH) G 

^ A/ 

5j_ (A^((y, ff))^), uniformly with respect to A. Notice also that if a{y,r],h) G <S^i^) for 
example, then a[XY, XH, ^) G 5j_(l). 

Now we compute the symbol of Q, and we shall again consider each term in H4.17|l sepa- 
rately. 

From M~^-pseudodifferential calculus for symbols in Sj_, we get that 

M 

(4.25) Op^ (e^*2^2) Op^{poX8{XY,XH)) = Op^(Fo), 

M M AI 

where 

I =e-''~''[poX8 + i^{g2,PoX8}) - ^{d'Ye-''~''djj{poX8) 

- 24^e-*^^^4^(FoX8) + dle-''~^'dUpoX8)) 

(4.26) +e-^^92s^(M~^X'^)+S^(X'^M-'^{{Y,H))~'^). 

M M 

Notice that we have used 1)4. 23(1 for the first error term above. Using the particular form of pq 
in (|4.3() and that of 'g2 in (|4.2ip . and the fact that A((y, H)) = 0(1) since poX8 is compactly 
supported, we obtain, for some e > 0, 

+ e-'^32^§^^^2^X^M~'^) + OM{h^^')Si_{l)+Si_{M~^X^)) 

(4.27) +5^(A2M-°^((y,iJ))-°°). 
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Here, the notation C'jv/("^) means that the function is bounded by m with bound depending 
on M. Now we compute the symbol qo defined by 

(4.28) Op^do) Op^ (e*2^2) = Op^(go). 
We have 

M M M AI 

(4.29) =(poX8 + i^{92,PoX8}) +%(tiA2M-2) + OM(/i'+^)%(l)+%(Af"3A2). 
Notice that we have used the following explicit expression: 

{92,PoXs} = - X\3{X{Y,H)) • {B{XY, XH)H + dyB{XY, XH)XY ■ H) 

+ ^ • {B{XY, XH)Y + d^B{XY, XH)XY.H)^ 

+ A2 (In (Y) - In (H)) {xsm} (A(r, H)) , 
so that, in particular, we have written {92, {92,PoX8}} = 0{X'^) in (|4.29|) . 

Now we compute the contribution of the second term in ()4.17|1 . Let us define the symbol 
ii by 

(4.31) Op^ (e-*2^2) Opx ((/ipiX8)(Ay, XH)) = Op^{h). 
We have first 

(4.32) Op;,(e-*^^^) Ovh{hpxX8) = Op;,(£i), 
where 

(4.33) h = he-'^<^^pixs + ^e-'^^^S'J^l) + h^S'J^l). 
Restoring the {Y, H) variables, we obtain, also since h? /X < Xh, 

(4.34) h{Y,H) = he-^^^^piXsi^Y, XH) + e-^^^^S^(Xh) + S^iX"^). 

M M 

Then, using the symbolic calculus in the class Sj_, we get 

M 

Ov^iqi) :=0p^(Zi)0p^ (e*292) 

M AI AI ^ ' 

(4.35) = Op^(/ipiX8) + 0(/iM-2) + OM(/i'+'). 

M 

As for the third term in H4.17() . we write 

(4.36) Op^ (e-*2^2) op^ ((i/iti{5i,PoX8})(Ay, XH)) = O^^ih). 

AI M AI 

with 

(4.37) I2 = ihhe-'^~3^gi,poX8} + e-'^~^^ Xhln{l/h)S^{l) + 0{h°^). 

AI 

Then we remark that, for any a,/5 G N"^, we have, for some Ca,i3 > 0, 

(4.38) |5?4(i/iti{5i,PoX8})| < Co.,pXhlnil/h){iY,H))^-\"\-\f'\, 
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SO that the function {Y,H) ^ ihti{gi,poX8}{^Y, XH) belongs to Sj_{Xhln{l/h){(Y,H))). 
Therefore, using (|4.23jl and the symboHc calculus in we have 

M 

Opxfe) :=0p^(Z2)0p^ (e*2^2) 

(4.39) =0p^ (i/iti{<7i,R)X8}) +0(A/iln(l//i)). 

M 

Finally, let r(y,ri) be the remainder term in H4.17() . We see that in r G S^{h^^'^), and that 
r has compact support inside the support of xs- In the variables {Y, H), we have 

(4.40) \d^d^r{XY,XH)\ < C^^fi /i^ ln2(l//i)((y, i7))-l"l-l^l . 
Therefore, working again in the class we obtain 

M 

(4.41) Op^ (e-*292) op^ (r(Ay, XH)) Op^ (e*^^^) = 0(}? \y?{\IK)). 

M M M 

• It remains to study G-2G-\zG\G2- First of all, since {e~*i^i , 6*^^^} = 0, we have 

(4.42) G_izGi = Op;,(z(l + Sl(h^ ln=^(l//i))). 
Then working in Sj_ , we obtain 

M 

(4.43) G-2G-XZG1G2 = z + 0{zM-^). 

Finally, collecting (UTil . (BTPT) . (BTTTl) . (P39|l . (P39|l . dOTT) . we have obtained that 

Qz = Opf, {poxs + hpixs + i/iiitoiPoXs}) 

(4.44) + Op^ {it2M-^{g2,poX8} - - Xs)) - z 

+ 0{4hM-^) + OM{h^^') + 0{hM-^), 

and we are able to prove the following 

Proposition 4.1. Let 6, Co > 0, ti » 1 and t2 ^ I be fixed. For fixed and h both, 
small enough, we have: 

i) For z £ D{0,Coh) and Imz > 5h, the operator : L'^{R'^) L'^(M'^) is invertible 
and 

(4.45) \\Q;'\\ = 0{h-^). 

a) There exists an operator K = K{h) with RankiC = 0(1) and K = 0(1) such that 
Q^ + hK : L'^{W^) L'^{W^) is invertible for z e L>(0, CqH) and 

(4.46) \\{Q, + hKy^\\=0{h-^). 
Proof. For u G 5(]R'^), we have using H4.44() . 

-Im(Q2U,u)^2(Kd) > - (^{oVh {hti{gi,pQX?] + ^{g2,PoX%] - ^^(1 - Xs)) -Imz^ n,n 

(4.47) + {0{tlhM-^) + OAf(/i^+") + 0(/iAf-2)) llnll^^ 
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Let X2, G C^(T*(R'^); [0,1]) be such that l|o} -< X2 -< X3, 'Pi = near (0,0), and 
(1 — X2)X3 ^ 9^1 ^ X5- From H4.30() . and since X2 vanishes on the support of {xs^PoXs}, we 
have, for some e > 0, 

f G5i(/i) 

1 o M 

(4.48) _ {^2,i5-oX8}X2(A>^,Ai/)<^ y2 ^2 

if the support of xs is small enough. On the other hand, using again the fact that X{Y, H) = 
0{\), we notice that 

(4.49) _l,{^2,po;^g}(l_^2)(^y^^^) 

IVl M 

Working in the variables {Y,H), using 1)4.48(1 and Garding's inequality, we get 

(4.50) [Oph(^- -^{92,PoX8}xi)u,u^ > -^\\uf. 
Now, since 1 — ipi and (1 — xDxs have disjoint supports, we have 

^P'* f ~ ITF {52,^0X81(1 - xl) 

(4.51) ^ ^ ' 

= Op,((/,i) Op, ( - -{52,poX8}(l - xD) Op,(95i) + 0{h^), 
and we get from (|4.49() and Calderon-Vaillancourt's theorem, that 

(4.52) ( Op, ( - l:{g2,poX8}(l - xl)y,u) > -Chlnil/h)\\ Op^{ip,)uf + OM(/i°°)||nf. 

Here C > is uniform with respect to M and h. 

Let XI, X6 e C^(T*(M'^)) with l|o} ^ Xi ^ X2 ^ Xs ^ Xe -< X7 and (fi < Xe - Xi- Then 
-hti{gi,poX8} = -tihln{l/h) {{y^ - r]^)x7{y,ri),Xs{y,ri)B{y,ri)y ■ r]} 

r e S^^ihhHi/h)) 

1 > etihln{l/h){y^ + 77^) near the support of xe- 

Let ip2 G Co~(T*(R'^); [0, 1]) with (1 - xe)X7 ^ (/^2 ^ (1 - X5)X8. Using Garding's inequality 
for symbols in S^{tihln{l/h)), we obtain 

(Op, {-hti{gi,poX8}Xe) u,u) > etih\n{l/h)\\ Op,(x6 - Xi)uf 
' +0{tih^\n{l/h))\\uf. 

We also have, as in (|13T1M3^ . 

(4.55) (Op, (-/iti{5i,P0X8}(l - Xe)) ^^n) > -Chhln{l/h)\\ Op, {^2) nf + 0{h°^)\\uf. 
Then, collecting (|I3n)) . and the inequality (|07)l becomes 

-Im {QzU,u) >etihln{l/h)\\ Op, (xe - Xi) ""iP + V^(Op,(l - X5)u,u) + Im2;||ii|p 

(4.56) - C/iln(l//i)|| Op,((^i)uf - Ctihln{l/h)\\ Op, ((/^a) 



(4.53) 



+ 0(/iM-1)||u||2 + 0m(/i'+")|| 
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where C and e are uniform with respect to h and M. Now, since xe ~ Xi = ^ suppc/^i, 
and 1 — X5 = 1 on supp(/92) Garding's inequahty in S^{\/li) gives us, for any chosen ti large 
enough 

(4.57) -Im(Q,M,n)^2(ijd) >lm z\\uf + OihM-^)\\uf + OMih'^+')\\uf . 
Then we have 

(4.58) -lm{Q^u,u)^2(^d)> —\\uf. 



2 

provided Im z > 6h and M is fixed large enough (and h is small enough). Since | Im {QzU, u) \ < 
\\Qzu\\\\u\\, we get 

(4.59) \\Qzu\\>5h/2\\u\\. 

We can obtain the same way the same estimate for , and this finishes the proof of the first 
point of the proposition. 

Now we consider the second point. Let G C(J°(T*(M'^); [0, 1]) be such that ip = 1 near 0. 
We denote 

y V 



(4.60) K = CiOph{ip 



where Ci > is a large constant. Since its symbol is real, K is self-adjoint and K = 0{Ci). 
Recahing (jJTTHHUISl) , we have 

(4.61) V^^kv = Ci Op ^{ip{Y,H)), 

M 

and, therefore, \\K\\tr = 0{CiM'^) (see P Theorem 9.4]). Now, using (|4.52|) . (|4.54j) and 
we get 

- Im ({Qz - ihK)u,u) >( Opj_ (-t2M~^ {g2,poX8}X2 + Cih(p) u,u) + Im z\\u\\'^ 

M 

^4 g2) + eti/iln(l//i)|| Op^, (xe - Xi) uf + V^(Op;,(l - X5)u,u) 

- Chlnil/h)\\ OpJ(^i)nf - Ctihln{l/h)\\ Op,, (992) uf 

+ 0{hM-^)\\u\\^ + OMih^-^')\\u\\^- 

Here, instead of using (|4.5UI) . we notice that, recalling (|4.48|) . the term —j^{g2,PoX8}X2~^Cihip 
belongs to S^{h) and satisfies 

M 

(4.63) -t2M-\g2,poX8}xl + Cihif > emm{t2,Ci)hxl 
Thus, from Garding's inequality in S^i (h), we obtain 

( Opj_ ( - t2M"^{52,PoX8}X2 + Cihip)u,u) 

(4.64) ^ A/ ' 

> emin(t2, Ci)h\\ Ophix2)uf + 0{hM-^)\\uf. 
Now, as in (|4.57() . the inequality (|4.62|) becomes 

— Im {{Qz — ihK)u, n) >emin(t2, Ci)^|| Op;j(x2)^|P + Imz||ii|p 

(4.65) + ehh ln(l//i)/2|| Op;, (xe -Xi)uf + (Op;,(l - X5)n, u) 

+ OihM-^)\\uf + OMih^'-')\\uf, 
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for ti large enough. Now, if ti, t2 and Ci are large enough, we get as in (|4.56M137)) . 

-lm{{Q,-ihK)u,u) > 2Coh\\uf + lmz\\uf + 0{hM-^)\\uf + OMih^^')\\uf 

(4.66) > Coh\\uf + 0{hM-'^)\\uf + OMih^^')\\uf, 
for z G D(0, Coh). And this imphes 

(4.67) II {Q, - ihk)-^ II = 0{h-^). 

for M large enough. Since -fC = 0(1) is self-adjoint and ||i^||tr = C(l)) one can find a bounded 
operator such that Ranki^ is finite and independent of /i, and —iK — iiT is as small as 
needed (uniformly with respect to /i, M, . . . ), and the proposition is proved. □ 

Now we can estimate {Q — z)~^ for z away from some discrete set r(/i). We follow J. 
Sjostrand [221 S. H. Tang and M. Zworski j3T] . 



Proposition 4.2. Suppose that the assumptions of Proposition \4.1\ hold. Then there is a 
discrete set T{h) independent of ti, t2 and M, with #T{h) n D{0,Coh) = 0(1), such that 
Q, : L2(M'^) ^ l2(M'^) is invertible for z ^ V(K) n Z)(0, C^h). 

MoreoYer, if d{z, r(/i)) > uh^ , for some v > and > 1, we have 

(4.68) \\Q~'\\=0{h-^), 
where C depends only on N and Cq. 

Proof. We begin the proof by showing that is invertible outside a finite set T{h). Here 
again, we use ideas developed for the study of resonances. Let 

(4.69) F{z) = det (Q,(Q, + hK)~^) = det (l - hK{Q, + hK)-^) . 

Since K is trace class, F{z) is well-defined and holomorphic in D{Q,2CQh). Prom (|4.46|) . we 
get 

(4.70) F{z) = 0(1), 

for z £ D{0,2Coh). On the other hand, for Imz > dh, we see from ()4.45() that {F(z))~^ = 
det ((Q^ + hK)Q-^) = det (l + hKQ-^), so that 

(4.71) |i"(^)l>^, 

still for Imz > 5h. The estimates (|4.7U() . 1)4. 71() and Jensen's formula imply that the number 
of zeros of F{z) in D(0, CqK) is bounded. Using the properties of the determinant of an 
analytic family of operators, we get that is invertible outside a bounded set T{h) and that 
the algebraic multiplicity of the poles of is bounded. At this point, T{h) depends on ti, 
t2 ■ ■ ■ , but if h and are small enough, we have 

(4.72) GiG_i = l + 0(/i2ln2i), = 1 + ©(/i^ In^ i), 

(4.73) G2G_2 = l + 0(M-2), G_2G2 = l + 0(M-2), 

so that Gi, G_i, G2 and G_2 are invertible. Thus, T{h) is nothing but the set of eigenvalues 
of P, which are independent of ti, t2 and M. These eigenvalues have finite multiplicity. 

In order to estimate HQ^^'^H for z away from T{h), we use the same strategy as in |?7] . 
Let ei, . . . , e^v be an orthonormal basis of ImAT* = (Ker A')"'" and (ej)j>N+i an orthonormal 
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basis of KeiK. We denote R+ : ^^(M^) ^ and R_ : ^ ^^(M'^) the operators given 
by 

N 

(4.74) R+{u) = {{u,ej))j=i,„N, R-U-j = J2^-jiQz + hK)ej. 

We study the following operator on L^(M'^) x 

<«^) ^' = {t t 

which is associated to the Grushin problem 

QzU + R-U- = V 



(4.76) 



R+U = TJj 



with u, V e L'^{W^) and m_, 7;+ G C^. Since Qz = Qz + hK - hK with + hK invertible 
and K compact, Qz and then Vz are holomorphic families of Fredholm operators of index 0. 
It is therefore enough to show that V is injective to show that it is invertible. Assume that 

(4.77) v{^^ ^ = 0, 

with u = X^j^i ^i^j- Then, since Rj^u = 0, we get Uj = for 1 < j < A^, and, since Kcj = 
for N < j, the equation QzU + R-U^ = becomes 

00 AT 

(4.78) {Qz + hK)(^ ^o^i + ^"i^j) = ^■ 

j=Ar+l j=\ 

Then, from (|4.46() . we get u = 0, ti_ = 0, and V is invertible. We denote its inverse by 

and we look for estimates on the entries of V^^ . Assume ()4.76() and write u = {u',u") with 
u' G vectjei, . . . , cat} and u" G vect{eAr+i, . . .}. Since QzU + R-U- = v, we have 

AT 

(4.80) (Q 



+ hK) [u' + 'Y u^j j =v - QzU, 
V 7=1 ^ 



and 

N 

(4.81) u" + ^-j = (Qz + hK)~^v - (1 - {Qz + hK)-^hK)u'. 

Therefore, since Qz = 0{1) and using (|4.46|) . we obtain 

(4.82) \\u"\\l^ + ||n_||civ < C{h~'^\\v\\L2 + ||'u'||l2), 
and then, since we have Hii'll^a = ||7;+||cjv because R+u = we get 

(4.83) II^IIl2 + ||ti_||civ < C(/i^"'" 11^11 j;^2 + llu+llcjv). 
Thus we have E = 0{h~^), E_ = 0{h~^), E+ = 0(1) and E_+ = 0(1). 
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Now we follow S. H. Tang and M. Zworski j31j . For z G -D(0, 2Co/i), Qz is invertible if and 
only if E y{z) is invertible, and in that case, 

(4.84) Q-^ = E+{z)EzX{z)E^{z) - E{z), 
which implies 

(4.85) Q-' = 0{h-'){l + \\Ezl{z)\\). 

Since E ^{z) = 0{1) as an operator on C^, we also have ||-EZ+(^;)|| = 0{\D{z)\^^), where 

D{z) = detE ^(z). Now we set 

(4.86) D^{z) = Yl 



h ' 

Zj<^T{h)nD(Q,Coh) 

and we know that D{z) = Dw{z) x G(z), where G{z) is holomorphic. Here, we use the fact 
that the order of the zeros of D{z] h) coincides with the multiplicity of the eigenvalues of P. 
Since i^(T{h) n D{0, Cq/i)) is uniformly bounded, we have for z G -D(0, CqH), 

(4.87) DUz) = Oil). 

On the other hand, one can find r{h) G]Co, 2Co[ such that, for z on the circle dD{0, r{h)), we 
have 

(4.88) \D^{z)\>e. 
For z £ D{0, 2Coh) we also have 

(4.89) Diz) = 0{l), 

since E |_ = 0(1) as an operator on C^. Finally if Imz > 6h, we have Ez}^.{z) = 

-R+QZ^R^, thus 

(4.90) \D{z)\ > e. 
Using (|^^ and we obtain 

(4.91) G{z) = 0{l) 
for z £ D{0,r{h)). Now (|TH7|) and ^^W^ imply that 

(4.92) \G{z)\>e, 

for Imz > 6h. Then Harnack's inequality for the function C — ln|G(2;)|, where C is chosen 
so that this function is non-negative, implies 

(4.93) G{z)-'^ = 0{1) 

for z G D{0,Goh). Therefore, if d{z,r{h)) > uh^ , one has det(E_+(z))-i = 0{h~^), 
{E ^(z))"^ = 0{h^^) and the proposition follows from 1)4. 85|) . □ 

Finally, we extend the domain of validity of the estimate (|4.45|) on Qj^ as far as possible 
into the lower half complex plane. 

Proposition 4.3. Assume that t2 and are small enough. There exists 6o > such that, 
for aU ti large enough, Qz is invertible on L^(M'^) for z G D{0, Cq/i) with Imz > —doh, and, 
for such z, 

(4.94) \\Q-^=0{h-'). 
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Proof. From (|4.48|) and Fefferman-Phong's inequality, we have 

-2ml. ||2 



y2 fj2 



{Opf,{-M-^{g2,poX8}xl)u,u)>ehOp^ (^(^^ + ^"jxUXY, XH)J + 0{hM- 
But using the Appendix of we have 

(4.95) Opi ((I^ + -^)xl{XY,XH)) > eM-\l{XY, XH) + 0{M-'), 



M VV(y)2 (i7)2, 

and H4.47() becomes, as for H4.56() . 

Im((5^n,n)^2(Kd) >et2hM~^\\ Op;,(xi)n||^ + eti/iln(l//i)|| Op;, (xe - Xi)uf 
+ \//i(Op;j(l - X5)u,u) + Imz||u|p 

- ChiHl/h) + ln(M))|| Opf,{ipi)uf - Chhln{l/h)\\ Op^ (v'2) ^^1 
(4.96) + {0{4hM-^) + Om(/i^+') + 0{hM~^) + 0{zM-'^)) \\u\ 

If t2 is fixed small enough and ti large enough, we obtain 



2 



lm{QzU,u) j^2(^d\>{et2hM + Im 



z) \\u 



|2 



(4.97) + {OitlhM'^) + OM{h^^') + 0{hM-^) + 0{hM-^)) \\uf . 
This gives the Proposition, provided M is chosen large enough. □ 

Now we finish the proof of Theorem 12.11 Proposition 14.21 implies that, for u G L^(M'^) and 
if d{z,T{h)) > uh^ , we have 

(4.98) IIG2 ^G^^^ll = 0{h-^)\\G-2G-i{P - z)u\\. 

Since G-2 G '^^j'^ {h~'~^^^), we also have ||G'_2|| = 0{h~^^'^). Working in Sj_, we get 
Opfe (e-*2S2) Op;, (e*292) = 1 + 0{M-'^), so that 

(4.99) G2 ^ = (1 + 0(M-2))G_2 = 0(/i~^*2). 
Then becomes 

(4.100) IIGT^^^II = 0(/i"^-^^*^)||G_i(P - z)u\\, 

and since, from pseudo differential calculus in S^, we have G^^ = (1 + 0{h^))G^i, this gives 

(4.101) \\G-iu\\ = 0{h~^-'^^*^)\\G-i{P - z)u\\. 

Now we use a Cordoba-Fefferman type estimate, as given by A. Martinez (see |17| Corollary 
3.5.3]) and in a more precise form in [2l Theorem 3]. 

Lemma 4.4. Let f{y,rj), a{y,r],h) G 5|](1). There exist a symbol b{y,ri,h) ~ J2j>o^''^j(y^''l) ^ 
S^il), and an operator R{h) = 0{h°°) such that, for all u,v e C^(M'^), one has 

(4.102) (/T'0p/j(a)u,T'u)^2(Kd) = {{b{y,'n,h) + R{h))T'u,T'u) ^2^^,^^a^y 

where supp5j C supp/ for all j, and bj is given in terms of derivatives of a and f of order at 
most 2j. In particular 

bo{y,v) = f{y,ri)ao{y^v)- 

From this result, one can obtain the following 
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Corollary 4.5. There exists a function b{y,ri,h) = 1 + (ft,ln^(l/^)) such that 

(4.103) l|G'-in||i.(K.) = (6e-*^^'^(^''')T'n,e-*i^'^(^''')T'n>^,(T.(^,)) + 0(/i-)||nf . 

Then, in view of this estimate, ()4.1Uip gives 

(4.104) ||e-*^f^r'n||^.(T.(M.)) = 0(/i-^-2<^*^)||e-*i3ir'(P - z)n||^2(T*(M.)) + 0{h'^)\\u\\. 

Now assume that u and z satisfy the assumptions of Theorem 12.11 Let X4 ^ C^(T*(M'^)) 
with X3 ^ X4 ^ X5 aiid suppose that FS((P — z)u) does not intersect a neighborhood of the 
support of X4- Then H4.1U4() gives 

||e-*i^iT'0p,(x4)n|| =0(/i-^-2^*^)||e-*i^iT' Op,(x4)(P - ^)t^|| 

(4.105) +0(/i-^-2^*^)||e-*^5^T'[P,Op,(x4)]n||+0(/i°°)||n||. 

Let (^3 G Co^(r*(M'^)) with -< ^3 ^ (1 - ;^3);^5. Since the operator [P,0p;,(x4)] e ^'"(/i) 
has its symbol supported inside the support of X4, we get, using again Lemma ^31 

(4.106) ||e-*^^^X4T'^.||^2(T*(K-)) = 0{h^) + 0{h-''~^^'')\\e-'^^^cp3T'u\\. 

Here the constant C is uniform with respect to ti. Now, we can assume that the support of 
X4 and 933 satisfies the properties of the domains l^i and r2o\^^i as in (|3.2j) and Figure 121 and 
we get the main part of Theorem 12.11 The remaining statement concerning the fact that the 
exceptional set T{h) can be chosen so that T{h) C {Imz < —5oh} for some 60 > 0, follows 
from the above discussion, using Proposition 14.31 instead of Proposition 14.21 

5. Existence 

This section is devoted to the proof of Theorem l2.5l We use the ideas and the constructions 
of B. Helff^er and J. Sjostrand in |14j . concerning the study of the tunnel effect between 
potential wells. At many places in the following sections, we shall use some terminology and 
some general results from ^] that we recall now, here in a slightly different setting. 

Let (^j)j>o be the strictly growing sequence of linear combinations over N of the A^-'s. Let 
u{t, X, T]') be a function defined onR+ xU xV,U C R'^, V CR"^. 

Definition 5.1. We say that u : [0, +oo[x[/ x V ^ R, a smooth function, is expandible, if, 

for any N eN,e> 0, a,P,-f e N^+'^+'", 

N 

(5.1) d^d(^d^,(u{t,x,rj')-^Uj{t,x,i]')e-''^'^ = 0(e-('^^+i-^)*), 

for a sequence of {uj)j smooth functions, which are polynomials in t. We shall write 

u{t,x,r]') ~ ^nj(t,x,?7')e"''^*, 

when i)5.I|) holds. 



As the following result shows, this symbol class is the suitable one for our geometric setting 
at (0,0). 
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Proposition 5.2 ( 14_, Section 3). Let v{t,x,r]') he a time- dependent vector field. Suppose 
that there exists a matrix-valued map {x,r]') A{x,rj') from U x V to such that 

i) A{0) = diag(Ai, A2, . . . , Ad), with < Ai < A2 < • • • < A^. 

ii) {t,x,ri') I— > i'{t,x,ri') — A(x,rj')x is a smooth real expandible matrix. 

Then, if v{t,x,r]') is expandible and vanishes atx = 0, and UQ{x,rj') is a smooth function, the 
solution u{t,x,r]') to the Cauchy problem 

{dfU + i>{t, X, rj')u = V, t > 0, X £ U, rj' V, 



(5.2) 
is expandible. 



Notice that this result impUes in particular that, as we have already mentioned in Section 
121 7(t,a;,^) = exp{±tHp){x,S^) is expandible when (x,^) G A^. 

Definition 5.3. We say that u{t, x,r]' ,h), a smooth function is of class S^'^ if, for any e > 0, 

(a,/3,7) G Ni+'^+'", 

(5.3) d^d^d^^,u{t,x,r,',h) = 0(/i^e-(^-")*). 

Let S°°'^ = Pl^^"^'^. We say that u{t,x,r]' ,h) is a classical expandible function of order 
{A,B), if, foranyKG^, 

K 

(5.4) u{t, X, rj', h)-Y^ Uk{t, x, ri')h^ G 5^+1'-^, 

k=A 

for a sequence of {uk)k expandible functions. We shall write 

u{t, X, r\ , /i) ~ X] ^' "^^^^^ 
k>A 

in that case. 

We recall from Section |2 that 17 is a small neighborhood of (0,0) G T*W^, that e > is 
small enough such that S = A_ n {(x, ^); |x| = e} C il, and U C ^ a neighborhood of S. We 
look for a solution of the problem 

(P — z)u = microlocally in 0, 

u = uq microlocally in U. 

Since this problem is linear with respect to the initial data uq, we can assume that uq vanishes 
microlocally outside a small neighborhood of some point /?_ G (A_ D S)\ A_ . We recall that 
by assumption, uq vanishes on A_. Since P is of principal type in \ {(0,0)}, uq can be 
extended as a microlocal solution of {P — z)uo = near each point of A_ \ {(0,0)}. As 
/9_ ^ A_, we know from 1)2. 22() . that 

+00 

(5.6) 7-(i) = exp{tHp){p^) ^ ^e->'^'j- (t), as t ^ +00, 

i=i 

where 7^ 7^ is an eigenvector of Fp = d^^ Q^Hp associated to the eigenvalue — Ai. We recall 
that (/Xj)j>o is the strictly growing sequence of linear combinations over N of the Aj's. 



(5.5) 
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Here and from now on, we shall write points in T*M°' as (x,^) = (xi, x', ^i, with xi, 
^1 in M and x', ^' in M'^"^. We can always assume, up to a linear change of variables, that 
g^{p-) = n^7]~ is collinear to the direction xi. In these coordinates, we set H- : xi = e. Of 
course, the lift H- x R'^ of H- in T*]R'^ is transverse to 7_ for e small enough, and we can 
suppose so. Here and in the sequel we may have to change a certain finite number of times 
for a smaller e > 0, and therefore to change (silently) for another p- on the curve 7_ . In the 
rest of this section, we prove Theorem 12.51 under a more precise form. As in ^3]) the main 
idea is to look for a solution to (|5.5|) of the form 

(5.7) u{x, h) = ^ [ [ e*(^(*'^'''')-^'''')/'^a(t, x, r?', z, h)uo{e, y')dtdy'dr]' . 

{2Trh)'^'2 JJT'Rd-i J_i 

Therefore we shall look for a phase function ip and a symbol a such that 

(5.8) {hDt + P{x, hD) - z)ae'^/^ = 0(/i°°), 

in a sense that we will precise later on. One of the differences with respect to jl4j is that we 
shall do so for each r]' in a neighborhood of so that we can also fulfill the initial condition 
in (|^ . 

However, as in ^Ij, in general, the integral with respect to t in ()5.7|) does not converge 
for the functions a and (p we build, and our representation of the solution is somewhat more 
complicated than (|5.7|) . Recalling that we suppose z G [— Cq/i, Cq/i] + i[—Cih,Cih] for some 
Co, Ci > 0, we denote 

(5.9) S = S{z/h) = E T - K,=e[^- ^) + 1, 
where E(r) denotes the integer part of r E M. 

Theorem 5.4. Assume that uq vanishes microlocally in A_ n {H- x M.'^) outside a small 
neighborhood of p_. Then, there exist a neighborhood U (resp. W) of 7_([— l,+oo[) U {0} 
(resp. in Mf^ (resp. M*^"^), a phase function p{t,x,ri'), a symbol A^{t,x,rj' , z,h) defined 
on [—1, +oo[xC/ X W , and a symbol A- (x, rj' , z, h) defined on U x W such that 

i) There exists a smooth function ipir]') such that the function p — p+{x) — ip{ri') is 
expandible: 

p{t,x,7]') - {p+{x) + ^P{l^')) ~ J]e-^^Vi(i,a;,r/'). 

i>i 

Moreover ip is a generating function for A„, in the sense that, the projection of A_ 
onto T*H„ can be written as the set of {SJ^{r]'),'q')'s, with rj' gW. 

a) The symbol is classically expandible: A^ G ^-^^i-^ fop gome 6 > 0, and it is an 
analytic function with respect to z G [— Cq/i, Cq/i] + i[—Cih,Cih]. 

Hi) The function A- is a semiclassical symbol of order —Ki, and it is an analytic function 
with respect to z £ [— Cq/i, Cq/i] + i[—Cih,Cih]. 
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iv) For any cut-off function x & C°°(] — 1, +00 [) equal to 1 near [0, +00 [, the function 
u{x,z,h) = f[ e''^^+^''^+^^'^'^-y'''"^/^A_{x,i]',z,h)uo{e,y')dy'dr,' 

(5.10) + ^ / / /^"e*(^(*'^'''')-^''^')/'^x(t)>l+(i,x,r/',z,/i)no(e,y')dtd2/'dr/', 

is a solution to i)5.5|) for any z £ [— Cq/i, Cq/i] + i[—Cih, Cih]. 

Precise definitions for and are given in Section 15.21 below. Notice that different 
choices for the cut-off function x in ()5.10|) would lead to the same microlocal solution in J7. 

5.1. The phase function. 

We start with the construction of the phase function ip. From 1)2. 9|) . for x' = o{xi) and 
^' = o(xi), the equation Po{x,£,i,£,') = has two solutions 

(5.11) ei = /±(x,0=±y^i+o(xi). 

Since 7_ is a simple characteristic for the operator P, by usual Hamilton-Jacobi theory we 
have first the 

Lemma 5.5. There exists a neighborhood U- of x^ , which depends on e, such that, for aU 
1]' G M"^"^ close enough to , there is a unique smooth function ip^i : M*^ — > M, defined in 
U-, verifying 

' po{x,Vi:n'{x)) = 0, 
< tpri'{x) = x' ■ 7]' for x £ n [/__, 



(5.12) 

If we denote by , the corresponding Lagrangian manifold 



(5.13) Av,^, = {(x,e) G r*M'^; x G C/_, ^ = VV'v(x)}, 
we have the following 

Lemma 5.6. The Lagrangian manifolds A_ and A^^, intersect along an integral curve jri' 
for Hp, and they intersect transversally This curve is 7- when rj' = 

Proof. First we study A^^, n [H^ x M*^): a point (xi, x', ^1, ^') belongs to this intersection if 
and only if xi = x^ = e and = ^x'lpri'ixi ,x'). But we have 

(5.14) Vx'^pr,'{x];,x') =r]', 

and, moreover, -0^/ satisfies the eikonal equation. Thus, using also the third equation of (|5.12|) . 
we get by continuity 

(5.15) dxi'tp{x^,x') = f-{x^,x',7]'), 
and 

(5.16) A^^,n(i7_ xM'^) = {(xr,x',/_(xr,x',ry'),?7'), x'eM.''-'}. 
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Then the intersection of A^^, n {H_ x M"^) with A_ is given by the equation 

(5.17) {x^,x',f^{x^,x',r]'),r]') = {x]^ ,x',V-^ip^{x^ ,x')), 
where ip- is a generating function for A„ in $7 as in (|2.15jl . 

Let g : W^"^ R'^'^ be the function defined by g{x') = Vx>(f^{x^,x'). In view of 
we have g{x~') = and V^/5((x~') = ^l'yf-{x~') = -L'/2 + o(l) as e ^ 0. Here L' is 
the {d — 1) X (d — 1) matrix given by L' = diag(A2, • • • , A^) (see ()2.12() ). Thus the inverse 
function theorem imphes that g{x') = rj' has a unique solution x' = x'{r]') in a neighborhood 
of x~' , for rj' in a neighborhood of Notice also that, 

(5.18) x'{r]')=x-' + 0{\7j' 

uniformly as e ^ in a neighborhood of which depends on e. Since A_ C Pq^(O), we 
have 

(5.19) dx^(p-{x^,x'{r]')) = f^{x]; ,x'{rj'),r]'), 

so that finally the equation (|5.17|) has a unique solution x'{r]') in a neighborhood of x^' for 
T/' close enough to 

Let us denote by 

(5.20) = {x{r]'),Civ')) = (xr,x'(r?'),/-(xr,x'(r?'),r/'),V) 

the corresponding point. We show now that the tangent spaces at p^/ to A^^, and A_ intersect 
along a one-dimensional space. 

First it is clear that Hp belongs to both Tp^,A^^, and Tp^^,A_, since A_ as well as A^^, 
are invariant under the Hp flow, or otherwise stated, because these Lagrangian manifolds are 
generated by solutions of the eikonal equation for p. 

On the other hand, a vector {5x,S^) belongs to Tp^,A^,^, f] Tp^,A^ if and only if 



(5.21) 



5. = (V2 ^_)(x(r?'))4 



or 5x € Ker (^(V'^ ^xpri'){x{'r]')) — (V^ ^(y9_)(x(?7'))) . But we have seen that V^^(/9_(p_) = 
— L/2 + o(l) as e ^ 0, and that (V^, ^./V'rjOlPa; (?/')) = 0) so that the matrix (Vx,x'^v')(^(''l')) ~ 
(V^ ^(/?_)(x(77')) has a (d — 1) X (d — 1) non-vanishing minor. Thus its rank is larger than 
d — 1, and finally Hp generates Tp^,A^^, n Tp^,A-. □ 

Let 7^/ be the hamiltonian curve with initial data p{r]'). We denote by Fq the set of level 
'0»?'(x (??')) for 

(5.22) Fg' = {{x, e A^^, ; V'r,' (x) = V'r,' {x{r]'))}, 

and, possibly after shrinking U-, we have the 

Lemma 5.7. For e small enough, there exists a neighborhood of such that, for any 
rj' & V^, one can find a Lagrangian manifold Ajj defined above U- such that 



(5.23) A2' n A^ , = Fi 



„' ' 



MICROLOCAL KERNEL NEAR AN HYPERBOLIC FIXED POINT 31 

where the intersection is clean. Moreover Aq depends smoothly on tj' , and Ilx '■ Aq U- is 
a diSeomorphism. 

Proof. It is sufficient to prove the Lemma for 77' = . Indeed, every object that appears 
below evaluated at is a smooth functions of rj' G V-. In particular the estimates below 
hold uniformly with respect to rj' . 

The vector {6x, 6^) belongs to Tp_Tq if and only if 



(5.24) 



= {'^l,x'>Pi-'){x )6x, 



Indeed ' C A| , and Fq is a level curve for ip. Thanks to H5.14() and (|5.15|) . the second 
equation becomes 



(5.25) 5l ^ ■ 



X 



and we see in particular that Tp_Tq is parametrized by 5'^. 

Let us compute the entries of the matrix Me = (V^ ^iIj(^-i){x~). We have already seen (see 



HH)) that, for i,j > 2, mij = 0. We also know (see (|5.15|) ) that 



(5.26) {Vx'dx,i^){x-)=Vx'f-{x-,r')- 4/(^-,^-/) ' 

and we are left with the computation of ^_^^p{x~). But we have seen that Hp{p_) = 

(y^^Poip-), —VxPoiP-)) belongs to Tp_A^ , that is satisfies the first equation in ()5.24|) . so 
that 

(5.27) h^x- + 0(|xrP) = M,(2r + 0(|xrP)) 
which gives in particular 

(5.28) + 0(|xrP) = mn(2er + 0{\x^\')) + " + ^^'"^^''^ 



2er 

so that 

(5.29) mn = -^ + o(l). 

as e ^ 0. Here we recall that, as x^^ = e goes to 0, we have = — + o(e), x^' = o(e) 
and = o(e). 

Thus 

(5.30) M,= 0' 1+0(1), 

and the equation (|5.25j) becomes 

(5.31) 6l = o{5',). 
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Summing up, we see, using (|5.24|) . that the vectors of Tp_T^ can be written, when e — > 0, 



as 

(5.32) 



((0,5i),(0,0))+o(<^;), 6',e 



Let us denote by £q the "hmit space" for Tp_ Fq , that is the hnear subspace of M generated 
by the e^'s for j = 2, . . . , d, where Cj = (5jj)j=i,...,2d- It is clear that eiR®£o is a Lagrangian 
subspace of M^*^. Then, using the Gram-Schmidt orthonormahzation principle, one can find 
a unitary vector f (e) G M^"' such that 



(5.33) 

and 

(5.34) 



a{u,v{e)) 



0, for all u G Tp T^ , 



v{£) = ei +o(l). 



as e — > 0. Then, w (e)M © Tp-To ^ Lagrangian vector space at p_, and, extending Fq 
along a suitably chosen Hamilton field, one can find locally close to a Lagrangian manifold 
Aq such that Fq C Aq and 

(5.35) Tp_K^~' = v{e)W © Tp_T^~' . 

Moreover, if {5x,6{) e Tp_Kl ', we get, from (f02|) and 

(5.36) 8(: = o[5^). 

To show that the intersection Aq n A^ is clean, is is enough to show that fZp(p_) G 

0, we have 



rp_A| ' is not in Tp.A^ '. As e 



(5.37) 



I \ 

2r' 

\ixl/2 
\ L'x-'/2 I 



( -Ai^r/2 \ 


Aie/2 




+ o{e). 



Then (|5.3(i|) implies that Hp(p-) ^ Tp_ Aq and the dimension of the intersection Tp_ Aq n 



7p-_ A|, is exactly d — 1. 



Finally, the Lagrangian manifold Aq projects nicely on the x-space: Indeed if {5x,S^) £ 



p_jiQ , we know by (|5.36|1 . that as e — > 0, (5^ = o{6x), so that 5x^0 for any e small 

□ 



enough 

Now we consider the associated Lagrangian manifold 
(5.38) Af =eMtHp){A^Q). 

The manifold A^ projects nicely on M^. In fact, possibly after shrinking V-, we have the 

Lemma 5.8. There exists Tq > such that for any e > small enough, there exist 6 > 
and V- a neighborhood of(,^' such that for all rj' G V-, the manifold A^ projects nicely onto 
Ut = B{x-{t),5) for t £ [— l,To] and onto Uoo for t > Tq. Here C/qo Is a neighborhood of 
G R"^, such that B{x_{t), 6) cUoo, for t > Tq. 
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Figure 3. The Lagrangian manifolds. 



Proof. Let {6x, (Jg) be in the tangent space Tp ,[t)-^t ■ ^^^^ proof of Lemma 2.1 of implies 
that 

(5.39) 6^ - L/25, = Bt {6^ + L/2d,) , 

with Bt = O (e^'^^*), uniformly with respect to e and r/'. Then, for each e > 0, there is a 
To > 0, such that 

(5.40) |5^-L/24| <?15,|, 

for {5x,8^) € Tp ^f^^-^A^ , t > Tq, uniformly with respect to e and r]' . This inequality, together 
with [141 Lemma 2.2], gives the Proposition for t > Tq. 

For t G [— l,To], it is enough to prove the Lemma for rj' = , as in the proof of Lemma 
15.71 We shall use the fact that, on [— l,To], the evolution of a tangent vector is closed to 
the evolution for the reference operator Po = ^'^ — X^A^3;^/4, provided e is small enough. If 

((5a; (i), 6^{t)) G Tp_(i)A^ is the evolution of a tangent vector {6x, 6^) along the integral curve 
7_, we have 

Siit) =^(e^^* + e-^^')Si + i-(e^^* - e-^^*)5^ + o(4) 

(5.41) =l(eA,* + ,-A,t)^,^^(^^)^ 

Slit) =^{e'^' - e-^^')5i + i(e^^* + e'^^^ + o(4) 

(5.42) =^(eA.t_e-A.*)5^ + o(5.), 

since 5^ = o{5x) by ()5.36|) . From ()5.4ip and 1)5. 42(1 . we see that 5^{t) is a function of (5a; (t), 
and that proves the Lemma. □ 



We set 
(5.43) 



forte [-i,ro], 

for t gJTo, +oo[. 
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Thanks to Lemma 15.81 there is a smooth function (p{t,x,rj') defined on ] — 1, +oo[xUt x V- 
such that the Lagrangian manifold Aj is given by 

(5.44) e = V^(^(t, X, r?') for x G Uf 
It satisfies of course the eikonal equation 

(5.45) dtip{t, X, rj') + po{x, V^^fit, x, t]')) = 0. 

Therefore, it fohows from ^14, Theorem 3.12], that (p(t,x,r]') is expandible in the sense of 
Definition 15.11 There exists a sequence ipj of smooth functions on ] — 1, +oo[xUt x V- which 
are polynomials in t, such that for any A^, A; G N, a, /3 G N"', 

N 

(5.46) d!^d^d^^,[^{t,x,r,') - ^(^,(t,x,r/')e-^^*) = 0(e-^-*). 

j=0 

Now we set 

(5.47) rf =exp(t/?p)r2', 
and we have, possibly after shrinking Ut and V-, the 

Proposition 5.9. For each rj' G V- and x G [JfUt n {x; < \x'\ < uxi}, for some u > 0, 

there is a unique time t = t{x, rj') such that x G H^F^ . Moreover, it is the only critical point 
for the function t (p(t, x, rj'), and it is a non-degenerate critical point. 

Proof. If X G U^rf, there is a ^ G M'" such that e . Then 

(5.48) e = V^(/j(i,x,r/'), 

and Po{x,S,) = since Fq C ^(0) and the Hamiltonian flow preserves the energy. Together 
with (|5.45|) . we get that t is a critical point for the function t ip{t,x,rj') if and only if 

X G u^rf. 

In the case x G Uoo, the proposition follows from |141 Lemma 3.14]. For x ^ Uoo, it is 
enough to see that dfip{t,x,^~') > for x = x~{t). The eikonal equation 1)5. 45(1 implies 



(5.49) = - 2Hess((/7)V^(^ + L\/2 + 0{{x^ + |V^(^p)(|Hess((/?)V^(/p| + 1)) 

(5.50) dj^ = - 2V,dtip ■ V,^ + 0{\V,dMix'' + iv.v^i^)). 

From (OHl) . (tOni) . (tOTl) and (lO^ . we get that Hess(99) = 0(1), and that 

(5.51) Hess(99) > o(l), 

as e — > because 6^ = iiess{ip)Sx for {Sx,S^) G Tp_(j)Af . Since we assume that 112,-71 is 



collinear to xi (see the remark after ()5.6() 1. we also have 

x-{t) = (x^(t),0,...,0)+o(x^(t)) 

C{t) = (-Aixr(t)/2,0,...,0)+o(xr(t)). 



MICROLOCAL KERNEL NEAR AN HYPERBOLIC FIXED POINT 



35 



and then ()5.49|) and H5.5U() become 

(5.52) V^dt^pit,x-{t),C) = - 2Hess(v?)C~(t) + L^x~{t)/2 + 0{x-{tf) 

d^ip{t,x~{t),r') = - 2V,.5t(^ • r (t) + 0{x~{tf) 

=4*r(*)Hess((/?)r(i) - L'^x-{t) ■ Cit) + 0{x~{tf) 
>-L'^x-it)-Cit) + o{x~{tf) 
>A?(x-(t))2 + o(x-(t)2) 

(5.53) >0. 

□ 

As a consequence of Proposition 15.91 we get in particular that, in 

(5.54) U = [JUtn{x; <\x'\ < i^xi} 

t 

where both these functions are defined, we have 

(5.55) Vxipri'ix) =Vx{^{t{x,r]'),x,ri')). 

Therefore x i— > iprj'ix) and x i— > ip{t(x,rj'), x,rj') differ from a constant. Then, adding a 
constant (with respect to t, x) to ip{t,x,7]'), we can assume that 

(5.56) ip{t{x,ri'), x,ri') = x' ■ r]' , 

for any x G H U. Furthermore, we can compute the first term in the expansion 1)5. 46() : 

Lemma 5.10. In the sense of expandible functions, we have 

(5.57) ip{t,x,7]) ip+{x) +i^{r]') + ^e-^'^'iPj{t,x,7j'), 

where the ipj{t,x,rj') are polynomials in t with smooth coefficients in x,r/', and 

(5.58) V'('?') = x{vi') ■ T]' — ip^{x{r]')). 

Proof. As we have already mentioned, the asymptotic ()5.57|) follows from the proofs of sections 
2 and 3 of and we are left with the proof of (|5.58l) . Let us denote by (x(t), ^(t)) the points 
on the curve 7^' defined in Lemma f5.61 with (2;(0),^(0)) = p^' = {x{r]'), S,{ri')) £ H- x 
given by (|07|) . We notice that, by (|^37)) . 

(5.59) Tp{r]') = lim ip{t,x{t),r]'). 

On the other hand, by the eikonal equation 1)5. 45p and since {x{t),^{t)) G 7^/ C Pq^(O), we 
have 

dt{ip{t,x{t),r,')) ={dt^){t,x{t),7j') + {d^^ip){t,x{t),r]') ■ idtx){t) 
=m ■ (dtxm =V^-{x{t)) ■ {dtx){t) 

(5.60) =dt{^-{x{t))) 
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where we use also the fact that 7^' C A_. Therefore, we get, with ()5.56|1 . 

V^(??')= lim (f{t,x{t),ri') -(f^{x{t)) 

1^+00 

(5.61) =v?(0,x(0),r/') - v-{x{0)) = x'{ij') ■ rl - ^^(x{^)). 

which is □ 

5.2. The symbol. 

Now we look for a symbol a(f, x, r/', K) = ajt(t, x, rj' , z)h^ such that (|5.8|) holds. This 
leads to the usual transport equations for the a^'s (see ,2,3. Theorem IV-19]): 



' /I ^ \ 

dtao + d^po{x, dx(p)dxao + tr {dl^po{x, d^ip)dl^^ip) - ij^jao = 0, 

dtttk + d^po{x,da;ip)dxak + (^^ tr {d1i.po{x,dxip)dl ,^ip) - i^a-k = Fk, k> 1, 



(5.62) 

where Fk{ao, . . . , ak-i) is a differential operator on the oq, . . . , Ofc-i with smooth coefficients. 
In the Schrodinger case (p = + V{x)), these equations become the more familiar 



(5.63) 



2; 

dtao + 2Vj:(/? • Vxao + (A^v9 - «^)ao = 0, 

9tafc + 2Va;(^ • Vj^afc + {A^ip - i-)ak = lA^ak-i, k>l. 

n 



Let us denote by x.^'(i) the spacial projection of the curve 7^' defined in Lemma 15.61 As in 
jl4i, using the time-dependent change of coordinates y = x — Xn'{t), the transport equations 
()5.62|) can be written as 

dtak + (^d^po{xr^'{t) + y,dx(p{t,Xn'it) + y)) - d^pQ{xr^t{t),dxip{t,x^,{t)))^dyak 

(5.64) +(i tr (4^Po(-, d^t, •))5^,,v^(t, •)) " + = ^fc- 

We also want that the function u given by (|5.7j) satisfies the initial condition u = uq 
microlocally in U . Performing a formal stationary phase expansion with respect to t in 1)5. 7() . 

we get, for x = (e, x') G 

(5.65) n(x,/.)= I ^ [[ e'^^'-^'-y'-^'y^a{x',v',z,h)uo{e,y')dy'drj', 

where a(x', ry', 2, /i) is another classical symbol, whose principal part is given by 

~ _ A^/i ao{t{x,r]'),x,i]',z,h) 
^ ^ ^ °" |9^V^(t(x,r?'),x,r?')|V2- 

Since we want that u{x, h) coincides with uo{x, h) on we look for a symbol a{t, x, r/', z, /i) 
such that 

(5.67) S(x',??',z,/i) = l + 0(/i°^). 

From the structure of the stationary phase expansion, there exists a unique formal classical 
symbol aini{x' ,r]' , z, h) which solves the problem (|5.67jl . And since the vector field {dt,Vx^ • 
Va;) is not tangent to the hypersurface M x in we can determine uniquely solutions 

Uj to the problem (|5.62|1 which satisfy 

(5.68) a{t, X, f]', z, h) = aini{x' , rj' , z, h), 
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for all X = (e,x') G H_ and t G M. Notice that the a^-'s depend holomorphically on the 
parameter z. 

Moreover, by H5.64() and Proposition 15.21 the functions are expandible with respect to 
{x,r]') in the modified sense that the family of exponents is now (S + where 

(5.69) S = S{z/h) = A^+(0) -i'- = Y^h.i'_. 

We can also find a realization a, holomorphic with respect to 2, of the asymptotic sum 
^ afc(t, X, 7]' , z)h^ such that 

(5.70) a{t,x,r]',z,h) eS^'^""^ 
and 

(5.71) r = e-''^/^{hDt + P{x, hD) - z)ae'^''^ G ^oo.ReS^ 
Now we want to give a meaning to the integral 

/+00 
ei^(t^^^^')/^x{t)a{t,x,r]',z,h)dt, 

where x ^ C°°{\ — 1, +00 [) equal to 1 near [0, +cxd[. Notice that with respect to the situation 
in |14l Section 4], here we have to deal with an oscillatory integral. As soon as ReS* > 0, 
this integral is absolutely convergent. But if Rc/S < 0, there might exist j's in N such that 
Re S + jij < 0, and then the integral above has no obvious meaning. Nevertheless, we explain 
now how to obtain a solution even in that case. 



We set 



(5.73) K,=E(^-^j+l. 

and we also denote ^Poo{x,r}') = (/2+(a;) + V'(V)) V'^C^j^) V) = 9^ ~ Voo = 0{e~^^^). Then we 
can write 

(5.74) ae'^"' = ae'^'^ - (f)'"'''"^' + ^ M (f )'''^"^'- 

k<Ki ' k<Ki 

Prom our choice for Ki, there exists 6 > such that for all (a,/3,7) G and 
z G [-Coh,Coh] + i[-Cih,Cih], 

(5.75) drd^d^^,[ae'^/^ - ^ ^ (!|i)'e*^-M) < h-^i-H-m-hle 

k<Ki 

uniformly with respect to h and t. 
On the other hand, 

(5.76) 6=^|^(^)'~ Yl h{t,x,rj',z)h'' 

k<Ki ' l~Ki<k 

is expandible for the family of exponents {S + 

(5.77) hkit, X, r/', z)^Y. bkA^^ ^' 
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where bkj is polynomial with respect to t. Let Ji G N be such that 

(5.78) //ji > 25-^Aj/2 + C7i. 

j 

As in IJl], for an expandible symbol satisfying (|5.76|) and (|5.77|) . we define 

(5.79) [bk]- = 6fc,,e-(^+^^)* e and [6^]+ = - [b^U e S'>'^' . 

j<Ji 

Using Borel's lemma, we can find [6]+ and then holomorphic with respect to z in 

[—Coh, Coh] + i[—Cih, Cih], such that 

(5.80) [5]+ ~ e S^-^''^\ and = b - [b]+ G 5i-^i3eS_ 

-Ki<k 

Then the function 

(5.81) A+{t,x,r,',z,h) = ae'^/^ - ^ ^ (^!^)\^^-/'^ + [6]+e''^-/\ 

fc<A'i 

satisfies an estimate like (|5.75j) . with 6 instead of 36. As in 14, Lemma 4.1], satisfies 

Proposition 5.11. For all (a,/3, 7) G and N > 0, we have, uniformly with respect 

to z e [-Coh, Coh] + i[-Cih, Cih], 

(5.82) \d^d^d^,ihDt + P{x, hD) - z)A+ \ < Ca,p,Nh^e-^' 

Proof. The main difference with jl4| Lemma 4.1] is that, here, P is a pseudodifferential 
operator. Let c{t, x,r]' , z, h) be an expandible symbol like b (see (|5.77j) '). From the definition 
of [ck]+ given by (|5.79j) . we have 

(5.83) dt[ck]+ = [dtCk]+ and 5,,/[cfc]+ = [9^,/Cfc]+, 
so that 

(5.84) dt[c]+ - [dtc]+ e S°°^'^^ and a^/[c]+ - [d.^'c]+ £ S'^^^\ 

Let Q be a pseudodifferential operator with classical symbol q{x,r]' z,h) e 5^(1) that 
doesn't depend on t. Then, there exist (Q^)^gj^, a family of differential operators in x with 
S'''(l) coefficients, such that, for all d{t,x,r]' , z, h) G 5^'^ with A,B>^, 

(5.85) Qd = ^(g^d)/i'= modulo 5°°'^. 

fc>0 

Moreover, if d is a classical expandible symbol, Qd is also a classical expandible symbol. 
Using this property with the c^'s, we get 

Qc ~ ^ Qcfc/i'= modulo 5°°'^^^ 

A:>0 

(5.86) modulo 5°°'^^^. 

'>0 k+k=l 

Since Q doesn't depend on t, we have 

(5.87) [Q~^ct]+ = Qi[ck]+. 
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Then, H5.86|) and ()5.87|) imply that Qc is a classical expandible symbol and 

[Q^]+-E[( E ^^^^^ 



modulo S'^^'^^ 



l>0 k+k=l 

'E( E iQ~k^kh)h' modulo 

'>0 k+k=l 

'E( E Qki^kh)h' modulo ^"^•^'^ 
'>0 k+k=l 

oo,2(5 



(5.88) ~Q[c]+ modulo S 

It follows that [Qc]- ~ Q[c]_ modulo S'^''^^. 

Let q{x,rj',(,,z,h) £ S^il) be the (t ime independent) symbol of the pseudodifferential 
operator 

(5.89) Q = e-'^°-'^P{x, hD)e'^°°/^. 
From 1)5. 71() . we get, for all e, > 0, 

\dfd^d1,{hDt + Q- z)ae'^*l^\ < e-^^^'^+'^K 
This estimate, combined with (|5.75() . gives 

(5.90) \d^d^d'^,{hDt + Q- z)b\ < /i-i--^i-l°l-l/5|-l7le-^* + /i^e-(^^^+^)*. 

Since 6 is a classical expandible symbol, d = dfdxd^, {hDt+Q—z)b is also a classical expandible 
symbol. Then ()5.9fl)) implies the 

Lemma 5.12. We have 

(5.91) [d^d^d^^,{hDt + Q- z)h\ _ = modulo 5°°'^^ 

Proof. If there exists k such that \dk]- 7^ 0, we set J < Ji the first index such that there 
exists k with j 7^ 0. Then, let k be the first index with d-j^j^^O. Using (|5.9nj) . we get that, 
for all > and e > 0, 

\dij\ </i-^e(^5-3^)* + /i^e^* + \dk\h''^'e^3' + he'' 

k<k 

(5.92) </i-C^e(^5-35)t ^ f^N^Ct ^ j^-C^{Xj-\j+,+e)t ^ ^grf^ 

where the constant C doesn't depend on N,£,t,h,x,rj' , z. Notice that Xj — 35 < and 
\j — Aj-^i < 0. Taking h = e~^* with fi > small enough, we get 



(5.93) |dy <e-^*/2. 



for e small enough and large enough. This implies dr^ = 0, and this is a contradiction. □ 
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Now we finish the proof of Proposition 15. Ill Using ()5.71|1 . H5.81|) . H5.88|) and H5.91|) . we get 

|5f hD) - z)A+\ 

^^N^(ReS+e)t ^ \d^dPd^^(^hDt + P{x,hD) - z) 6*^°°/'^ | 
^^N^{RcS+e)t ^ |5«afa;},(/lA + Q{X, hD) - 

(5.94) <hNe(^eS+e)t^ 

The proposition follows, taking a geometric mean between the two estimates (|5.75j) and 

jsinii)- □ 

Recalling that the functions 

(5.95) bk,jit,x,r]' ,z) = '^bk,j,iix,r]' , z)t'' , 

I 

are polynomial with respect to t, we can find a fmiction A^, holomorphic with respect to 
z £ [—Coh,Coh] + i[—Cih,Cih], such that 

(5.96) A_(x,r?',z,/i) ~ Yl (sJ' .y+i ''k,j,iix,v' , z). 

k>l-Ki j<Ji,l ^ 

Notice that, formally, = f^°° x{t)[b]-{t, x,r]' , z, h)dt. At last, we set 

/ + 00 
x(i)^+(i, X, rj' , z, h)dt, 

and we have 

Proposition 5.13 (see Wi, Proposition 4.2]). The function u{x, rj' , z, h) is holomorphic with 
respect to z e [-Cq/i, Cq/i] +i[-Cih,Cih] and satisRes, for all {15, -f) G N'^+('^-i), 

(5.98) a^a;^,n = 0(/i-^i-l'3|-H), 

(5.99) d(^d^,{Pix, hD) - z)u = 0{h^), 
for X £ Ut>-i/2 r( ^V-. Moreover, for x £ we have 

(5.100) n = (1 + r(x, r?', z, /i))e^^'-'''/\ 
where r G 5°°(1). 

Proof. The estimate ()5.98|) follows from ()5.81|) and H5.96() . Now from (|5.11() . we get 

/+00 r+oo 
xA+dt = J d^d^, {hDt + P{x, hD) - z)xA+dt 

/+00 
d^^d'l,{hDtx)A+dt 



so that the L.H.S. is microlocally in 17 since Aj^ = microlocally in that set for t € 
supp(aa) C]-l,-l/2[. 
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On the other hand, from H5.91() . we have 
(5-102) ^ Qkbk-k,j,i ~ J^bk-i,j,i = i{l + l)bk-i,j,i+i - i{S + fij)bk-i,j,i. 

1-Ki<k<k 

Then 

(5.103) E - E is^F"'-''"')- 

Therefore {P — z)A-e'^^°°f^^ = microlocally in il. One can also differentiate H5.1U3() . and 
obtain the corresponding estimates. Then (|5.99|) follows from (jS.lUip and H5.1U3|) . Eventually, 
()5.1UU() follows from the fact that, for x G a has a compact support in t: The formal 
stationary phase expansion ()5.65|) can be given a meaning, and gives this last estimate. □ 

6. The symbol of the transition operator 

Now we finish the proof of Theorem 12. 61 We compute the principal symbol of the operator 
J{z\ defined after Theorem 12.51 that is the microlocal value of the solution u in Theorem 
15.41 at some point p+ G A_|_ \ A_|_(p_) (see the definition after 1)2. 26() ). 

As in Section 5], we can assume K\ = ^ (see (|5.73() ) since the general case can be 
treated the same way. In that case, we recall that the solution u of the problem 1)5. 5() can be 
written as 

(6.1) u{x, h) = ^—^ 1 1 ^iMt,x,v')~y'v')/h^^^^ K)uQ(e, y')dtdy'dr]' , 

{2TThY^2 J JT*Rd-i J_i 

where f is defined in Section [5T] and has the properties given in (|5.57|) - (|5.58j) . and a is the 
symbol described in Section 15.21 

First of all, we compute the principal term cq of the symbol a in ()6.1|) . Performing again 
a formal stationary phase with respect to t in (|5.7|) . we obtain, for x = (e,x') G H^, 

(6.2) u{x, h) = I [ [ d^^--^'-y'-^')IK{x, r,', z, h)uo{e, y')dy'dv', 

where a = 1 by our choice in (|5.68|) . In particular for x G , we have 

(6.3) ao{t{x, 7?'), X, v',z)= e— /4|4<^(t(x, 
Notice that we have done so that, microlocally near A_, 

1 r+oo 

(6.4) ———J ^ e'^'^''-'^'^/''a{t,x,v',h,z)dt = b{x,v',h)e'^v'(-y>^ 



(6.5) 
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oo 

where b{x,r]',h) = (lirh)^^'^^^^ '^^h^bj{x,ri'), is a symbol such that 

j=0 

J (P - z)(6(x,77',/i)e^'^'^'(^)/'^) = 0{h^) near 7^/, 
I b{x, rj' , h) = a{t{x, ri'),x, rj' , z) = 1 on 
The principal symbol bo of b satisfies 

(6.6) 6o(x, 7?') = ao(t(x,V),x,r?^^,/^) ^ 

and it is a solution of the first transport equation 

(6 7) I ^^'^v')^^^o + to (5|,5Po(a;, ^xV'r^O^z,!^^*?') - ^^)^o = near 7^/, 

[ &o(a;, ■?/') = ao{x', 1]') = 1 on 
In the Schrodinger case, the first equation of (|6.7|) can be written as 

iz 

We calculate bo, starting with the computation of the trace in l|6.7jl (as e.g. in the book of 
V. Maslov and M. Fedoryuk Let {x{t, x' , rj') , ^{t, x' , rj')) be the Hamiltonian curve with 

initial condition 

(6.8) (x(0,x',r/'),^(0,x',?7')) = {x]; ,x' , f-{x]; ,x' ,r]'),r]') G A^^,. 

With the notations of Lemma 15.61 this curve is 7^' when x' = x'{r]'). As usual, we have 

(6.9) Stlndet = tr (a|_^po(a;, 5^?/'r,')5x,xV'r,')' 
and then (|6.7j) becomes 



(6.10) d, (^ydet^^|0^6o(x(t,x',r?'),r?')j = X^/ ^^^Sf^^^^^^*' 
which gives 



, , , \/%Po(2;i ,a;',/-(xi ,x',r?'),??') ., ,, 

(6.11) 6o(x(t,x',r?'),ry') = ^ , ^ , e^*^/^ 

We are interested in taking the limit t — > +00 in this expression. The point is that, as 
t +00, 

(6.12) ^dt Indet = (E ^^/^ " ^1)^ + 0(1). 
Indeed, starting from 1)6. 9() . we have 

(6.13) dl^po{x,d,i;^>) = 2 + ©(e-^^*), 

as a matrix, for x G Jr/'it)- On the other hand, writing ipv'ix) = Lp{t{x,rj'),x,rj') and using 
the fact that {dt^){t{x,r]'), x,r]') = 0, we get 

(6.14) dx.il^r,' = {dx,(p){t{x,r]'),x,r]'), 
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SO that 
(6.15) 

Now using H5.57() . we have, 

(6.16) 
and 



dl,.^ = dl,^+ + 0(e-^i*) = - + 0(e-"i*), 



(6.17) 



(6.18) 



^(Xl\gi\e-^^' + 0{e-^'') if j = I, 
|o(e-^^*) ifj/1. 

Then using again the fact that {dtip){t{x,r]'), x,ri') = 0, we get 

■ - l^ir^^^e^i* + 0(e(^i-'^i)*) i{k = l, 
0(e(^i-m)t) if/fc/1. 

Using (|6.17|) and the estimates (|6.16|) . H6.17|) . H6.18|) . we obtain 

1 

(6.19) -tr {dl^Po{x,d.i^^')dl,i^,,) =Y,\,/2 - Ai + 0{e-^''), 

i=i 

on Jn'{t)- Therefore, we shall write (|6.11j) as 

(6.20) X ^J d^^poix^ , x', /_ {x^ , x', 7]'),r/). 

Now we compute {df^ip){t{x,r]'),x,r]') on the curve 7^'. We have dt(p = —p{x,dx^), and 

(6.21) = -2{dxcp) ■ (a^,,^). 

But, on 7^/, we have (|6.17|) and 



(6.22) 



[0(e-^^*) ifj/1. 
Therefore, H6.21() becomes 

(6.23) dl,^{t,x{t,x\^),^) = |gi|2A?e-2^i* + 0(e-(^^+^^)*)- 

We recall that ao is expandible, namely 



(6.24) 



ao{t,x,rj') ~ ^ao,,(t,x,ry')e-(^(^/'^)+^^)*, 

j=0 
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where qqj are polynomials with respect to t, and ao,o does not depend on t. Using H6.6() . 
(lOill . (lO^ and (OHl . we get 



00,0(2;,,' = IS'ilAi'^^e *''''^v/%Po(a;i ,x' ,7]'),^) 

(6.25) ^ 

^ g(E A,/2-Ai)t-i Indct ^^^^^^^^ ^ 0(e-^i*), 

where /ii = — /"i, and then, since j;^/ G 

.(E Afc/2-Ai)t 



(6.26) ao,o(0,7?') = j^i | xf\-'^/^ ^ d^,po{x^ ,x',f_ {x^ , x' , rj') , rj') ^ hin 



a(t,a:') 

Notice that the above limit exists thanks to ()6.19|) . 

Finally we compute the solution u{x,h) given by 1)5. 7() microlocally near p^. Since p+ G 
A_|_ \ A_|_(p_), we can use the calculus of ^1 Section 5] and we get, microlocally near 

r+oo 

(6.27) / e^^(*'^'''')/'^a(t, x, rj' , z, h)dt = c{x, , /i)e^(^+ 



Here c{x^ r]' , h) is a symbol of class which satisfies 



00 



(6.28) c{x,r]', h) ~ ^Cj(x,r/',ln/i)/i^(^/'^)/^i+^^/^i, 

j=0 

where the Cj(x, In /i) are polynomial with respect to In/i and, in particular, 

(6.29) co(x,r/') = ^{^r{x)/ir'^^"^y^-T {S{z/h)/\,) aofl{x,v')^ 

doesn't depend on In/i. Here F denotes Euler's Gamma function, and {pj)j>o is the increasing 
sequence of the linear combinations over N of the {pk — /ii)'s, k >2. 

On the other hand, since we want that the function u{x, h), given by 

(6.30) uix,h) = \ [ [ c(x,r/',/i)e^(^+(-)+'^(''')-2''-''')/'^no(y)dy'dr?', 

is a microlocal solution of (P — z)u = for any initial data uq, the function cq should satisfy 
the usual transport equation: 

(6.31) d^po{x,d:rf+)dxCo + (^tr {dl^po{x,dx(p+)dl^^(p+) - ^^)co = 0. 

Thus, if (x(t),^(t)) is the integral curve of Hp in A+ with initial condition p = {x,Vip+{x)), 
we have 

(6.32) co{xit),r]') = g^W^-l /o t'-(4«w(-'^-^+)^'.-^+)(^(''))'^^co(x, r/')- 

Let us compute co{x{t),7]') using (|6.29j) . Since p+ ^ A-|-(p_), we can assume that p ^ A+(p_) 
for p close enough to p+. In particular p ^ A+ and then 

00 

(6.33) x(t)~^<7+(t)e'^^*, 
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as t — > — oo, where the are polynomials with respect to t and gi{t) doesn't depend on 

t. 

(6.34) Mx{t)) = -Ai(5r W) • atip)^'' + 0(e('^2-^)*), 
and the equations ()6.29p and ()6.32|) give 

r(5(z//i)/Ai)ao,o(x(t),7?') + 0(e"*) 

_ 1 1 

(6.35) r(5(z//i)/Ai)ao,o(0,?7')- 

At last, we go back to H6.3U() and we perform a stationary phase expansion with respect to 

rj' in that integral. Recalling H5.58() . we can write 

(6.36) uix, h) = li.^,-, e'''^"'''''''^^'c(x, r/', h)uoiy)dy' dr^' , 
where 

(6.37) ip{x, rj',y') = ip+{x) + (x'(r/') - y') ■ rj' - ip_ {x{ri')). 
We have 

(6.38) Vr,'ip{x,rj',y') = {x'{r,') - y') +V {r^') ■ (??' - V,.(^_ (x(7?')), 

since x(7?') = (x^,x'(r/')) where x^ does not depend on Vj' . But p(r?') = {x{r]'),S,{ri')) belongs 
to A_ (see 1)5. 2Up ). so that Vip-{x{r]')) = ^{rj'), and in particular V ^'^-ixi^')) = i]' ■ Thus 
the last term in (|6.38|) vanishes, and r]' i— > ip{x,'q' ,y') has a unique critical point i]'(y'), such 
that y' = x'{r]'{y')), with critical value 

(6.39) 'P{x,y') = ip{x,r]'{y'),y') = ip+{x) - ip-{e,y'). 
Moreover, since V'^,^,ip-{x{r]')) = I, we have 

(6.40) Vl,^,^{x,7j',y') = V,,x'(r?') = (V2,,,(p_(x(7?')))"' • 

Thus, there exists a symbol d{x, y' , z, h) ~ X^j>o dj{x, y\ z, In h)h^^^'^^ G '^^(1), with dj{x, y' , z, In h) 
polynomial with respect to In h, such that 

i.Siz/h)/Xi r 

(6.41) J{z)uo{x,h) = / <i(x,y',z,/i)e^('^+(-)-'^-(^'^'))/'^no(e,y')rf2/', 

microlocally near /j^. Moreover the principal symbol do of d is independent of In/i, and can 
be written as 

(6.42) do{x,y',z) = e-'^''-'^-/^\detVl,y,^^{E,y')\'/^co{x,rj'{y')), 

where co{x,ri' {y')) is given by (|6.35|1 and (|6.26jl . and this finishes the proof Theorem 
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Appendix A. A review of /i-pseudodifferential calculus 

One of the main tool of this paper is the so-called /i-pseudo differential calculus, and we 
review here some basic facts. Since we deal with self-adjoint operators and spectral properties, 
we shall only use Weyl quantization. First we recall this calculus in standard classes of 
symbols, following closely [HI Chapter 7] (see also [T7|). 

We say that m : T*W^ [0, +oo[ is an order function when there are C, N > such that 
m{x) < C{x — y)^m{y). 

If m{x, ^) is an order function, and 5 > a real number, we say that a function a(x, ^, h) G 
C°^{T*W^) is a symbol of class Sl{m) when 

(A.l) Va e N^'^, 3Ca > 0, V/i g]0,1], \d^^^a{x,^,h)\ < Cah-^^''^m{x,0- 

If e{h) is a function of h only, sometimes we write Sf^{e{h)m) instead of e{h)Sf^{m). 

If a(x,^, h) is a symbol of class Sf^{m), we define the /i-pseudodifferential operator Op^(a) 
with symbol a by 

(A.2) G C(IR'^), (Op,(a)u) (x) = j j e^(^-y>^/^a[^,i)u{y)dydi. 

We also denote by ^'^(m) the space of operators 0p;j(5^(m)). 

The composition rule between pseudo differential operators in ^'^(m) is given in the follow- 
ing proposition. It is an easy adaptation of Proposition 7.7 in j9|: 

Proposition A.l. If ai G 5^^(mi) and 02 € Sf^{m2) with Q < 81,82 < \ and 81 + 62 < 1, 

then Op/j(ai) o Op/i(a2) belongs to "^^^^^^^'^^\mim2) , and, for any G N, its symbol ai#a2 
verifies 

(ai#a2)(x,e) = e^'^(^-^e'^-^'')(ai(x,0a2(y,??)) 

y=X,TI=£, 

N-1 ^ 

^ — ' Ki \ Z / y=x,ri=^ 

k=0 

(A.3) +/i^(i-^i-^2)cS^""(^^'^^)(mim2). 

Notice that in this theorem and below, we use the standard notation a{Dx, D^, Dy, D^j) = 
Di-Dy - DxDrj. 

To control the norm of a pseudodifferential operator in C{L'^ {M.'^)) , we use the following 
classical result: 

Theorem A.2. (Calderdn-Vaillancourt) Let a G 5)^(1) with < 8 < 1/2. Then there exists 
C > such that 

(A.4) G L^iM.'^), ||0p;,(a)n||i2(Rd) < C||n||i2(Rd). 

Furthermore, C is bounded by a semi-norm of a G 5^(1). 

We now recall the semiclassical sharp Garding inequality and Fefferman-Phong's inequality: 
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Theorem A. 3. (Garding's inequality) Let a{x,S,,h) be a real valued symbol in S^{1). If 
a{x, ^, /i) > for all {x, ^, h) £ T*R'^ x [0, 1], then there exists C > such that 

(A.5) yu e L^M.''), {Op^,{a)u,u)^,^^,^ > -Ch\\u\\l,^^,y 

Furthermore, C is bounded by a semi-norm of a E 5^(1)- 

Theorem A. 4. (Fefferman-Phong's inequality) Let a{x, h) be a real valued symbol in 
Sl{l). Ifa{x,^, h)>0 for aU [x,^, h) e T*W^ x [0, 1], then there exists C > such that 

(A.6) V^z e L2(M'^), {0^^{a)u,u) > -Ch^\\u\\l,^^,y 

Furthermore, C is bounded by a semi-norm of a £ <S^{1)- 

We now give the composition rule in the class we use in Section 4, which can be seen 
as a particular case of the semiclassical Weyl-Hormander calculus. Let m(x, be an order 
function. We say that a function a{x, ^, h) is a symbol of class Sh{ni) if Va, /3 S N*^, 3Cq^^ > 
such that , V/i <C 1, 

(A.7) \d'^dla{x,iM < C„,^m(x,e)(x)-l"l/2(0-l^l/^ 

Concerning the product rule, we have the following result, which is similar to Proposition 

Proposition A.5. If ai G Sh{m,i) and a2 G Sh{m2), then Op;^(ai) o Op^(a2) is a pseudodif- 
ferential operator of class Sh{mim2) and its symbol is given by 

(A.8) a#6(x, =e'T<D.,D^,Dy,D,) ^^^^^ ^^^^^^ 

(A.9) =Y, ^,{C-i^^{D.^D^,Dy,D.,)fa{x,my.v) 

k=0 

(AlO) 



Proof. We follow the proof of Proposition 7.7]. Since Oj G 5)J(mj), we now that Op^(ai) o 
0P/i(q^2) is a pseudodifferential operator whose symbol in S^{mim2) is given by (|A.8|) . Let 
X = {x,y,^,r]), X = {x,y,^,rf) and x ^ C^(R^'^) be equal to 1 near 0. Using Fourier's 
inversion formula, one can show that, if we set 

(A.ll) /(X)=ef<^(^x)(;,(^_^)aia2(X))(X)- J2 U^iDx))' aia2{X), 
we have 



(A12) |/(X)|</.^ Yl ||^l^(^x)'^(x(^^)«i«2(X) 



L2 
X 
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Now, using the estimate HA.7|) . we have 



m + h\=N 0<j,k<\l3\ 
0<l,m<\y\ 

(A.13) (X)-'^(y)-(l^l~')/2^X)-'^^(0"(l^l"")/^mi(X)m2(X). 
But since X is in the support of x{{^ ~ ^){^)^^) i also have 

r (X)-2|'3|m/3 for j > 2|/3|/3 

^ ^ ^ ^ ~ \ (x)-l^l/6 for J < 21/51/3 

Therefore, using the fact that rrij are order functions, we obtain the estimate 

l/3| + l7l=A^ 

(A.15) ((X)-2|7lM/3 + (^)-|7l/3^;^)|/3|M/6)^ 

where A'^q is independent of A^. 

Now, if we assume y = x and rj = we have, 

< + (0-1^1/6 

(A.16) <(^,0"'^'^'/'"'^\ 
SO that HA.15|) gives 

(A.17) \lix,tx,0\ < /i^(x,0-(^/6-'^)^+^«mi(x,0m2(x,0. 

One obtains the same way the same estimate for the derivatives of /, and we are left with 
the estimate of 

(A.18) J{X) :=e^-(^^)((l-x(^))aia2(X))(X) 

(A.19) =(^^ / e-2^'^(^-^)/'^(l - x{{X - X){X)-^))a,a2{X)dX. 

We make integrations by parts, using the operator 

(A.20) 'L = {dj,a{X - X))-\d^a{X - X)).d^. 
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At each integration, we gain a factor h and an |X — X| ^, which is lower than {X) ^ on the 
support of 1 — X- Then, for each M » 1, 

|J(X)| </i*'^-2d^^^-(M-Afo)M ^ ||(X-X)^«9|aia2||^,_ 

|a|<A/ ^ 

(A.21) </i^'^-2'^(X)-(^'^-*^o)^mi(X)m2(A:)||(A: - X)"^^^ {X - • 

X 

Eventually, if y = x and r] = ^, we get, for all M S N, 

(A.22) \J{x,tx,0\<h^'{x,0'^'rniix,0m2ix,0. 

We can prove also the same estimates for the derivatives of J, and the proposition follows 
from (TOtI) and ir02|) . □ 
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